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Tema #4
Pea n npeobpa3syBaHe Ha ®ypue 3a
ANCKDETHN BbB BPEMETO CUTHaJIN




"

KpaTKu ncropmuyeckm cesefeHus

Jean Baptiste Joseph Fourier
1768 - 1830

npod. T. FaHu4eB, LLOC - JleTteH cemecTbp 2013/2024 2


http://en.wikipedia.org/wiki/File:Fourier2.jpg

" J
CbhabpixaHue

m Peg Ha Odypue 3a ANCKPETHU BbB BPEMETO
nepnoagnvyHn CUrHanm
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" A
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

Pasrnexaame auckpeTHu peauun, X(N), HO HGOPMYNUPOBKUTE U
U3BOANTE HanMpaBeHM TYK Ca B CU/1a U 3a AUCKPETHU BbB
BpemeTo curHanu X(nT,).

KakTo 6elle noka3saHo no-paHo, cbliecTtByBaT caMo N Ha 6pon
XapPMOHWYHO CBbP3aHU ANCKPETHU KOMMNNEKCHM
eKCnoHeHUManHn peamum ¢ 4YectoTa Ha NbpPBUSA XapMOHUK

Q,=2n/N v nepuoa N:
E (n) =k 912, .N-1
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" A
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

[MpuMHa 3a ToBa € CBOMCTBOTO NEPUOANYHOCT Ha ANCKpPETHATa
KOMMJIEKCHA EKCMNOHEHTa

E, (n) = allkeN)@z/N)n _ ak@z/N)n _ E, (n)

Ha ToBa oCHOBaHMWe MOXEeM Aa pa3rfiegaMe peaa Ha
ONCKPETHATA KOMMJIEKCHA EKCIMOHEHTA KaTo ,D,erMHMpaH 3d

Bcekn N nocineaoBartesiIHn uesin 4Hncra
ik (27/N)n
E (n)=eX&/Mn N>

KbAETO BCUUYKN XapMOHUYHW CbCTaBnaBalwm, onpeaeneHn ot K,
ca nepuoanynm c nepmon N.
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"
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

ToraBa NMHelHaTa KOMBUHaUUs Ha enleMeHTUTE Ha peaa E,(n) cblo
we 6bae ANCKpPETHa nepuoandHa peanua, X(n), c nepuoa N:

x(n)= > a,e™ &M nedto
K=<N>

ToBa ce Hapuya pea Ha Oypue 3a nepuoamyHa peaunua x(n), nnu
olLle AUCKPETEH BbB BPEMETO pes Ha dypue.

Tbi KaTo cyMaTa e AedmnHupaHa 3a N nocnenoBaTesHU CT-TU, NpU

KpanHu (No amMnnuTyaa) CTOMHOCTU Ha d, TO3WN pej BUHAru e
cxoasy,.

Kak na n3uncimm CToMHOCTUTE Ha KoeduuuneHTtute 4, ?
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"
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

EAVH HauuH Aa ce onpeaenaT @, e 4ypes3 pellasaHe Ha cucrema ot N

NMHENHN ypaBHeHusa ¢ N HemssectHn 4, kK =0,1,.... N-1. Teau N
YpaBHEHUNA ce CbCTaB4AT ype3 3aMectBaHe Ha n =0,1,.... N-1 B
pena Ha dypue, Npn KOETOo ce rnoJiyyaea.

x(0) = Zak [lokaszaHo e, ye
Ke<N > cuctemaTa y-a e
KD= Ya.eker Crenoareno nna
k=<N>— eJHO3HA4YHO pellueHune
X(2) = Zak.elk(Z”/N)z 3a N nocnepoBaTesnHu
(oM OTYETU Ha peaunLaTa
x(n).

X(N -1) = Zak_ejk(Zﬂ/N).(N—l)

k=<N >
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" A
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

CucrteMaTa ypaBHEHUS ce pellaBa NoCPeAcTBOM CEeAHUTE CTbMNKMU:

x(n)= 2 ae"*™" nedto L e—ir@z/N)n
K=<N>
X(n)e—jr(Zn/N)n _ Zakej(k—r).(Zn/N)n
K=<N>

CyMunpame ngBaTta U AsiCHa CTpaHa 3a N nocnenoBaTesSiIHU CTOMHOCTU

Ha n:
Zx(n)e—jr(Zn/N)n _ Z Zakej(k—r)(Zn/N)n.

n=<N> N=<N> k=<N>

Z X(n) e—jr(Zﬂ/N)n _

n=<N >

e ik=n).(2z/N)n

=<N> n=<N>
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"
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

MoXe aa ce npoBepu 3a pas3/iIM4HU CTOMHOCTU Ha K U I Ye

Zej(k—r)(Zﬂ/N)n | N for (k-r) =0, £N, £ 2N, ..

n=<N> 0 for all other cases.

3aL0To
E,.. (n) = pl(keN)@z/N)n _ j2mnq jk(2/N)n _ E, (n)

HauctnHa, 3a (k-r) = 0, £ N, £ 2N, ... Bcekn uneH noa cymaTta e
paBeH Ha 1, Taka 4ye obuwaTta cyma e paBHa Ha N.

3a BCSKa Apyra CTouMHocCT Ha (k-r), u3palsa cymaTta Ha N
nocnenoBaTeNIHM OTYETU a NpuHaanexalwm Ha eanH nepuoa Ha
XapMOHMLUTE Ha KOMIJIEKCHUTE eKCNoHeHTu c yectotn (k-r)2n/N

€ HYy/Jla.
npod. T. FaHu4eB, LLOC - JleTteH cemecTbp 2013/2024 9



" A
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

Cnepn nonaraHeTto r=k B

Zx(n)e—jr(Zn/N)n_ Zak Zej(k r).(2z/N)n

n=<N > k=<N> n=<N>

M OTYMTAHETO Ha pe3ynTaTta 33

Z ej(k—r)(27z/ N)n

Nn=<N >

noJsily4aBaMe.

Zx(n) e —Jk(272/N)n

N=<N>
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" A
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

Taka nony4yaBaMe ABOMKaTa YpaBHEHUSA KOUTO NpeacTtaBs BpeMe-
4eCTOTHOTO Npeobpa3yBaHe Ha NepPUOANYHN PeanLn, HApPEYEHO
Pen Ha ®dypue 3a AUCKPETHU BbB BPEMETO NEPUOANYHUN CUTHAMN

x(n)= > aeX®™M" " nedto
k=<N>

dopmMysia 3a CUHTES

a, = i Zx(n)e—Jk(Zﬁ/N)n dopmyna 3a aHanm3
N

Nn=<N>
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"
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

3a ONpocCTABaHe Ha Te3M 03HAUYEHUSA MOXEM Aa 3aMeHUM M3pa3a 3a
ANCKpEeTHaTa KOMIMJIEKCHA EKCMOHEHTa C 03HAYEHMETO 3a

dazosus Bektop Wy

e—j(27Z'/N) :WN

n ToraBa PeabT Ha dypue 3a AUCKPETHU BbB BPEMETO NMEPUOANYHU
CUrHaAM ce 3anncBea KaTo

A == S XWX

N n=<N>
x(n)= > a, W™
K

=<N>

KoeduumeHTuTe @, B peabT Ha dypue ce HapuyaT CrneKTpasiHu
KoepuLUMEHTH, NN CMEKTbP Ha NepuoanyHaTta peauua X(n).
npod. T. FaHu4eB, LLOC - JleTteH cemecTbp 2013/2024 12



" A
Pea Ha ®dypue 3a ANCKPETHU BbB
BpeMeTo nepmoanYHUN CUrHanu

OO6MKHOBEHO CMEKTbPbT Ha NepnoanYHa peanua ce o3HadaBa C

X,(k), kbaeto X (k) = a wnm X,(k) = @, N. Mo Takbe HauuH
aBolikaTa popMynu 3a peabT Ha Dypue Moxe Aa ce 3anuLle:

xp(k)_— Zx(n)W”k xp(k): Zx(n)WN”"
x(n) = Zx (KW ™ x(n)— Zx (K)w,™

CnektbpbT X (K) € dyHKUuMs Ha AnCKpeTHaTa HopManusnpaHa
yecToTa .. YectoTnte Ha xapmoHuumTe ca Q,=K(2n/N),

k=0,1,2,....N-1, kbaeto 2n/N = Q, e yectoTaTta Ha NbpBaTa UK
OCHOBHa XapMOHMYHA CbCTaBALLA.
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" A
Pea Ha dypue 3a ANCKPETHU BbB
BpeMeTo NnepvuoauvyHuN CUrHanaum

3a ya06CTBO Ha 0O3HAYEHMATa Cce BbBEXAaT onepaTopuTe 3a NpaBo

Fp n obpaTHO npeobpasyBaHe F,-1, Toraea ABolKaTa ypaBHeHMA 3a
peana Ha ®dypwue ce 3anuncea KaTo:

X () = Fofx(m)}
() = F, X, (K}
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TemMma #4

m CBOMCTBaA Ha peaa Ha dypue 3a ANCKPETHMU
nepnoanyHmn CUrHanu

npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

m  JIMHenHoCT
Fp{z b, X, (n)}= Zbi Fp{xi (n)} :Zbi X pi (k)
KbAETO BCUMUKM peamun Xi(n) ca nepmoamnynn c nepuos N.

m CumMeTpus

3a peanHa nepuoauyHaTta peauua X(n), peasT Ha Dypue e
nepuoauyeH, T.e. CNeKTbpbT Ha peauLaTa € CUMeTPUYEH:

X, (~k) = X & (k)

KbAETO X;(k) e KOMMJIeKCHO criperHaTa ctoiHocT 3a X, (K)
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

OTTYyK cneaBa ye aMnUTYAHUSA CNEKTbP 3a peasiHa nepmoanydHa
peanua € YeETHO CUMETPUYEH:

X ()] =X, ()
AOKaTO pa30BUSA CNEKTbP € C HEYETHA CUMETPUSA:

arg[X,(-k)] = - arg[X,(K)].
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPpETHMN nepunoanydyHm CUrHasJin
s KpaeH 6poun koedpumumneHTm
PenbT Ha dypume 3a nepuoandHa peaumua X(n) c nepuoa N uma N

CneKTpasHn KoeduuMeHTa, T.e., CnekTbpa ce cbcTtom oT N
XapPMOHUYHO CBbP3aHU KOMMJIEKCHN EKCMOHEHTH

=N (n) = pl(ksN)@z/N)n _ qj2mq jk(22/N)n _ E, (n)

" MepuoanyHoOCT

CneKkTbpbT Ha NeEpUOAUNYHA peaunua e nepmoanyeH c nepuoa N:

Xp(k) = Xp(k+N).
Tyk cnektbpbT, X, (K), € npeactaseH kaTto PyHKUMA Ha MOpeaHUs
HOMEep Kk Ha XapMOHM4YyHaTa B peana Ha Odypue. CboTBETHATa
HOpManu3anpaHa Kpbroea 4yectota Q, e:

Q,=kQ,=K(2n/N).
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

Mepvoaa Ha cnektbpa X,(£)) U3MepeH B paanaHu e:
N Q, = N(2n/N) = 2x.

Te3n CbOTHOWeEHMs MoraT aga ce o0606WAT 3a AUCKPETHUA CUrHan
X(nTs) nNpeactaBAMKM HEroBusi CNeKTbp KaTo @YHKUMUS Ha
yecTtoTaTta Ha KonebaHne f mamepeHa B Hz.

MNepuvoabT Ha auckpetHua curHan X(NTs) e NTS, n cboTBETHO

yectotata f; Ha nmbpBaTa My xapMoHW4YHa ce onpeaenst KaTo
peuMnpoyHa BefMYMHA Ha HelHUa nepuos BbB BpeMeBaTa
obnacr: f,=1 (NTs) = f,/N
OTKbAETO 3a Nepuoaa Ha cnekTbpa cbabpxaw, N XapMOHUYHM
CbCTaBsILM MOXEM [a 3anuLieMm:
Nfi=N/(NTs)=1/Ts =f,

npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024 19



" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

CbLUECTBYBa B3aMMHO CbOTBETCTBME MEXAY KayecTBaTa AUCKPETHOCT
N nepnoanMyHOCT BbB BpeEMeBaTa U YecToTHaTa 06/1actu, @ UMEHHO
aKo CUIrHaJ1bT € AUCKpPEeTeH BbB BpeMeBaTa obsacT, 1o
HeroBus CNeKTbp € NepmoanYeH U

dKO CMTrHanbT € nepunoanyvYeH BbB BpeMeEeTo TO Herosus
CNEeEKTbP € ANCKPETEH.

MepunognyHocTtTa ¢ nepuoa N B eaHaTa obnact Boaon A0 ANCKPETHOCT
C pa3pewaBalia crnocobHocT 1/N B ApyraTta obnacrt u obpaTHo.
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

Hanpumep, 3a pea Ha Pypue Ha AUCKPETHUSA NepuoandeH CUrHam
X(nT,) c nepnoa T=NT, --> nepnoanYHOCT BbB BpemMeBaTa
obnact c nepuoa NT, cboTBETCTBa Ha AMCKPETHOCT Ha CNeKTbpa
X,(f) ¢ paspewasawa cnocobHocT:

Af = f,=1(NT)=f, /N

OT apyra cTpaHa, AMCKpeTHOCTTa T, Ha curHana BbB BpemeBaTa
obnact X(NT,) ce nposBsiBa KaTO NEPUOANYHOCT Ha CreKTbpa B

YecToTHaTa obnact, u cnexktbpa X (f) e neprvoanyeH c nepuoa:

f=1/T,
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" A
CeBoucTBa Ha peaa Ha dypwue 3a
ANCKPEeTHU nepuoanvyHn CUrHanaum

Bpemeea oonacm HUecmommna oonacm
HenpekbcHaT (aHAJI0r0B) CUTHAI HenepuoandeH CieKThp
HenepuoauyeH curuan HenpekbcHAT CIIEKTHP
Jlnckperen curuan (pen) IleproguueH CIEKTHP

[leproanyeH cUrHam JIMCKpETEH CIEKTHP

npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024 22



" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

[Mpumep

A A

[.nﬂm,ﬁﬂm.n : I ‘ L, l.xi(ﬁ | [ ls.s] I I I s,

012 ....... N-1 n 012............. N-1 K

x(n)
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" A
CBoucrtBa Ha peaa Ha dypume 3a

ANCKpPpeTHMN nepnogmnyHm CMrHaJin
ImAk])]

NnocTpauna Ha KOMNJIEKCEH CNEeKTbp B TPpMMepHa [lekapToBa
KoopAMHATHaA cUcTeMa.
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" A
CBoncrBa Ha peaa Ha dypue 3a
ANCKPETHU NepuoanyHn CUrHanm

m I3MecTBaHe BbB BpeMeTo

AKO

Foix(n)}= X, (k)

TO UISMECTBAHE Ha peanuaTa BbB BpEMEBATA obnacrt Boan Ao0:

Fp{X(n —m)}=X ) (k)W|\r|nk — X : (k)e_j(Z”/ N )mk

N3MeCcTBaHETO BbB BPEMETO HE NMPOMEHS aMIMIUTYAHUS CMEKTbLP,
HO NpoMeHAa a30BuS CMeKTbP.
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

B WM3MecTBaHe B YeCcTOTHaTa obnacr

Tbi KaTo cnekTbpbT X (K) e neprmoamnyHa peanua B 4ectoTHaTa

obnact To obpaTHOTO dYypmne npeobpalyBaHe Ha U3MECTEHUS
cnekTbp (B YecTtoTHaTa 06Js1acT) BOAM A0 YMHOXeHue C

KOMMJIEKCHA eKCNOHeHuManHa dyHKLUNAa Ha peaa BbB
BpemeBaTa obnacr:

1 —nl (272 /N )nl
FoX (k= 1)F=x(mWy™ = x(n)e! M
KOETO MOXe [a Ce 3anuiie olle BbB popmaTa

Fo XMW"} = X (k=1)

YMHOXeHMe Ha peauuaTta X(N) ¢ KOMMAEeKCHa €eKCMNOHeHTa BbB
BpeMeBaTa 06/1acT ce Hapuya amriinTyaHa Moay1aLms.
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

= PaBeHcTBO Ha lNapceBan 3a NepuUoOaNYHMN CUTHAIN N3Pa3sBa
3ana3BaHETO Ha MOWHOCTTA Ha CMrHana npuv npeacrtaBsaHETOo
MYy BbB BpeMeBaTa M YecToTHaTa obnacTtw.

= = Y

N N=<N > k=<N>

X, (k)|

BHuMaHMe: [lepnoanyHUTE CUTHANM UMAT HEOrpaHM4YeHa eHeprmg, Ho
MOLHOCTTa Ha NepmoanyeH CUrHan e KpamHa rnpu orpaHnyeHmu
CTOMHOCTM Ha aMnnuMTydaTta Ha CUrHana.

MOLLHOCTTa Ha NMEpUOANYEH CUTHaN NpeAcTaBeH BbB BpeMeBaTa 06/1acT € paBHa Ha
eHeprusaTa 3a eauH nepuoa. Nopaau NepUoanNYHOCTTa Ha CMEeKTbpPa, MOLLHOCTTA
BbB YecToTHaTa obnacTt ce geduHUpa 3a eanH nepuos, T.€ 3a N oTyeTa, Uin 3a

N XapMOHWYHU, PA3MNOJIOXEHU B MHTEpBana 2.
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

PaBeHCTBOTO Ha [lapceBan 3a eHeprugaTta ce 3anucsBa caMo 3a eauH
nepuoa N Ha BpeMeBUSA CUTHaN:

> X[ =N ¥

Nn=<N > k=<N>

PeanuaTta | X, (K) | 23a k=0,1,2,...N -1 B asdcHaTa cTpaHa Ha
PaBEeHCTBOTO NpeAcTaBnsBa pasnpefeseHne Ha MOLWHOCTTa Ha
CUrHana B YecTtoTHaTa obnacT (pa3npeneneHneTo No XapMoHULN)
W Cce Hapuya CrieKTpasHa niabTHOCT Ha MOLYHOCTTa WA CaMo

CrieKTpaJiHa rJibtTHOCT.

X (k)\

CnektbpbT X,(K) e koMnnekceH, a cnekTpanHarta nibTHOCT

|Xp(k) | 2 e peanHa u He cbabpXa MHdOpMauus 3a daszaTta Ha

XapMoHuMuunTe. 3aLlo?
npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024 28



"
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPpETHMN nepunoanydyHm CUrHasJin
m [MepuvoanyHa KOHBOMOUUA

3a ABe nepuoanyHu peavum c obuw, nepuog N ce pedbuHUpa
onepaumusTa nepumoanYHa KOHBOJTIOLIMS

y(n) =X, (n) ® x,(n) = le(m) X,(n—m)

m=<N >
Moxxe Aa ce gokaxe ye pesyntarta, y(n), oT nepnoanyHaTa

KOHBOMOLUMSA Ha ABe peanumn c nepmoa N e nepnoanyHa
peanua cbe cbwmat nepmoa N.

HenepuoanyHaTta (IMHENMHA) KOHBOJIIOUMA HE € ANPEKTHO MPUIoXMMa KbM
nepnmoaAnYHU peanuun, Tbil KaTo Te ca ¢ 6e3KkpanHa Ab/IXKUHA N CenoBaTesiHo
CyMaTa Ha KOHBOJIIOLUMATA HAMa Aa AOCTUMHE CXO4UMOCT.

npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024 29



" A
CBoucrea Ha peaa Ha dypue 3a
ANCKPEeTHU nepuoanYHMN CUrHanu

O6preTe BHUMaHUNE 4ye ce U3nosi3sart pas3jimyHnM CUMMBOJIN 3a O3HAYABAHE HaA

onepaunnTe Kpbroea KOHBOJIHOLUA ® N HenepmnoanyHa KOHBOJTHOUUNA *.

y(n) =%, (n) ®X,(n) = le(m) X, (N —m)
m=<N >
y(n) =x;(n) * x,(n)
JInHenHaTa (HenepuoanyHa) KOHBOOOLUMS Ce N3MN0JI3Ba 3a U34YUCAsaBaHE Ha
n3xoaHumsa curdan B AJINB cuctemu.

[leproanyHaTa KOHBOJKOLMA HE € NPUI0XKMMaA 3a Ta3u Lesl NoHexe
MMMyJNICHaTa XapakKTepuctnuka Ha yctonumesa AJINB cuctema e BuHarm
HernepuoanyHa peauua. (3awo?)

B cbwoTo BpeMeE nepmnoanvyHatTta KOHBOJIKOUNA € BaXEH UHCTPYMEHT U CE
n3MnoJsi3Ba 34 6'bp30 N3vncngdBaHe Ha onepaundatTa HenepmoanyHa
(NMHenHa) KOHBOOLUA.
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

NMpumMmep: V3uncnsaBaHe Ha onepaunsiTa NepMoamyHa KOHBOJOLMUSA

Xl(m)T
——o —o—o —o—o —eo—o—o —o—o—'p
012...N-1 m
X2(m)
.. T. ’. ®
® ® ® T.
e T .
To ?o ?o To To >
012...N-1
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

.Xl(m) T

9

Lt Lt ettt
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

.Xl(m) T

SRR

012...N-1 m

MNO-CbLUMAT HAUYUH Ce U3YNCNABAT CTOMHOCTUTE Ha U3Xoaa 33
MOMEHTUTE OT AUCKPETHOTO BpeMe n, yak Ao n=N-1.
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ANCKpPEeTHUN nepuoanYHMN CUrHaam
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" A
CBoucrtBa Ha peaa Ha dypume 3a
ANCKpPEeTHUN nepuoanYHMN CUrHaam

Moxxe na 6bae AoKa3aHO 4ye ako

y(n) =X1(n) ® X2(n)

kbaeto Y (k), X;1(k), X»(k) ca penosere Ha ®dypue 3a
nepuoanyHute peaunum y(n), X,(n), X,(n), e B cuna paBeHCTBOTO

Yp(K) = N Xpa(k) Xp2(k)
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m [IpeacraBdaHe Ha HenepumoaAnYHU AUCKPETHU
CUrHann B YyectoTHaTa obnact, npeobpalsyBaHe Ha
dypue 3a anckpetHun curdanum (DTFT)
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" A
NpeacraBsiHe HA HeENepmoaUYHU ANCKPETHMU
CUrHanv B YyectoTHaTta obnacrt, npeobpa3syBaH

Ha ®dypue 3a AuMckpeTHu curHanum (DTFT)

m MepUuoanyYHUTE CUrHaau ce aedunHupaT B 6e3kpaeH UHTEPBAJ Ha

HE3AaBUCMMMATa NPOMEHJINBA, h, N TE NPEACTaBIABAT
naeaan3npaHmn Moaesin Ha peajiHnTe CUrHasin.

m BCUYKW CUCHAAW B NpupoAaTa ca KpamHW Tb KaTo Te
CbLUeCcTBYBaT WM MoraT Aa 6baaTt HabnaaBaHM caMo 3a KpaeH
MHTEpBan OT BPeEME.

m M3BbH MHTEpBAasia Ha HabnaeHNe He MOXE Aa Ce 3Hae CbC
CUIF'YPHOCT NMOBEAEHUETO Ha curHana. Mo Ta3m NpMYnMHa BCUYUKHK
peasilHu CUTrHaIn ce CYMTAT HENEPUOANYHMN.

Kak ToraBa fa ce u3BbpLin Q®ypue aHaams?
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" A
NpeacraBsiHe HA HeENepmoaUYHU ANCKPETHMU
CUrHanv B YyectoTHaTta obnacrt, npeobpa3syBaH

Ha ®dypue 3a AuMckpeTHu curHanum (DTFT)

Bpemesa ooracm HYecmommna odnracm
HenpekbcHaT (aHAJIOTOB) CUTHAJ HenepunoauydeH cneKThbp
HenepuoauueH curaai HenmpexbCHAT CIIEKTHD
JluckpereH curaani (pen Ilepnoanyen CrieKTbp

IleproanyeH curHa JINCKPETEH CIIEKTHD
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NpeacraBsiHe HA HeENepmoaUYHU ANCKPETHMU
CUrHanv B YyectoTHaTta obnacrt, npeobpa3syBaH

Ha ®dypue 3a AuMckpeTHu curHanum (DTFT)

Pasrnexpgame nocnenoBaTe/IHOCT OT CTbMKUM Ype3 KOATO We Noayynum

npeobpa3yBaHe Ha Dypue, KOETO NMO3BOJISIBa HEMEPNOANYHA
peavua aAa 6bae npeacraBeHa B YecToTHaTa ob6nacT nocpeaCcTBOM

nepnoanydeH HEMPEKHLCHAT CMNEKTHLP.

CnegBanky Kinacn4ecKuUAaT noaxos 3a NepmoamyHoO nNpoab/KeHne Ha
HenepmnoaM4yHa peavua, we BbBeaem npeobpasyBaHeTo Ha Pypue
3a Henepuoan4yHa peguua, KoeTto ce Hapuya gUCKPETHO BbB
BpeMmeTo rnpeobpasyBaHe Ha ®ypue (Discrete in Time Fourier

Transform, DTFT).

npod. T. MaH4yeB, LIOC - JleTeH cemecTbp 2013/2024 39



"
NpeacraBsiHe HA HeENepmoaAUYHUN ANCKPETHM
CUrHanv B yectoTHaTta obnact, npeobpa3syBaH

Ha Dypue 3a auckpetHu curHanm (DTFT)
Heka aa pasrneaame peauvuarta x(n), onpeaeneHa B KpaHus

nHTepsan n ==+ N;.

x(n)

O 11

| | N
-N +N;

3a Aa onpefenuM CrekTbpa Ha TakbB CUrHaa MbpBO MNOCTpPOsiBaMe
nepuoanyHa peanua, X,(n), upes neproanyHo nosTopeHne Ha X(n)

nepviog, N > 2N, +1.
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" A
NpeacraBsiHe HA HeENepmoaAUYHUN ANCKPETHM
CUrHanv B yectoTHaTta obnact, npeobpa3syBaH

Ha ®dypue 3a AMckpeTHu curHanum (DTFT)

>

X(n)

Xp(n) ¢

3) 0)
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" A
NpeacraBsiHe HA HeENepmoaAUYHUN ANCKPETHM
CUrHanv B yectoTHaTta obnact, npeobpa3syBaH

Ha ®dypue 3a AMckpeTHu curHanum (DTFT)

[l0KONIKOTO Tasu HOBa peanua X,(n) e nepmoanyHa, MoXeMm Aa
n3nosi3aBamMe ABonkaTta dopmynu 3a peda Ha Pypue 3a ANCKPETHU
nepnoanYHu peamum

Xp(k):i pr(n) g~ Jk(@2z/N)n X(n) [ JJJM‘M“JL
N n=<N> >

Xp (n) — Z X p (k) e]k (272-/ N)n -I\L N +l|\|1 " -N|/2 6)+N}2-1 "
K=<N>
B3aemaiikn noa BHUMaHue ye X,(N) u x(n) cbBnaaat B HTepBana
n=1[-N/2, +N/2-1] (npeagnonaraMe 4yeTtHa ctonHocT 3a N), n e
n360pbT Ha N nocnenoBaTesIHM OTYETA 3a CyMUMpPaHE € NPOU3BOJIEH,
MOXXEM [1a 3arnuLIeM FropHUTE YpPaBHEHUS B CIEHUS BUA:
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"
NpeacraBsiHe HA HeENepmoaUYHU ANCKPETHMU
CUrHanv B YyectoTHaTta obnacrt, npeobpa3syBaH

Ha ®dypue 3a AuMckpeTHu curHanum (DTFT)

1 +N/2-1

X, (k)= N Z x(n) e J(@z/Nn 3ak=0,1,2,...N-1
n=—N/2
jk (27 /N
x(n)= > X (k)ekErmon sa n = [-N/2, +N/2 -1].
kK=<N>

YMHOXaBaMe Yyncnutend n 3HameHartens B ABeTe YPaBHEHUA C 27
N N3BbpuiBaMe CeaHnUTeE noJjiaraHmn4.

Q,=AQ=27/N,
Q, = kAQ = k (2n/N),
X(€2) = N X, (k).
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"
NpeacraBsiHe HA HeENepmoaUYHU ANCKPETHMU
CUrHanv B YyectoTHaTta obnacrt, npeobpa3syBaH

Ha ®dypue 3a AuMckpeTHu curHanum (DTFT)

B pe3ynTaT Ha KOETO rnoJjiyyaBaMe:

X(Q,)= H\ﬁ;(n)e—jﬂkn 3a k=0,1,2,...N-1
n=—N/2

x(n) = i Z X (Qk)ejQKnAQ 3a N =[-N/2, +N/2 -1]
7T k=<N>

Korato N—oo, anckpeTHaTa yectoTta (), ce npeBpbLia B
HenpekbcHaTa YectoTa Q, T.e. Q — Q n AQ — dQ.
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"
NpeacraBsiHe HA HeENepmoaUYHU ANCKPETHMU
CUrHanv B YyectoTHaTta obnacrt, npeobpa3syBaH

Ha ®dypue 3a AuMckpeTHu curHanum (DTFT)

[1lpn TO3M Npexoa, cyMmaTa

1 :
Q.n
x(nN)==— > X(Q)e™"AQ
T k=<N>
ce npeBpblla B MHTErpan, YAUNTO MHTEpBAJT HA UHTErpmupaHe e
NpoM3BOJIHA NIEHTa C WNMPUHa 2. Taka nosly4aBaMe ABoMKaTa y-

+00

X(Q)= Y x(n)e k"

N=—0o0

x(n) :21 [ X (@e’"dO
72-27[
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"
NpeacraBsiHe HA HENepmoaNYHUN ANCKPETHMU
CUrHanv B yectoTHaTta obnact, npeobpa3syBaH

Ha dypue 3a AuMckpeTHu curHanum (DTFT)

+00

X(Q)= > x(n)e "

N=—c0

x(n) = zi [ X(©@)e!"dO
72-27[

Ta3un ABovKa npeacrasfsiBa NpaBoTo n obpaTHO npeobpasyBaHe Ha Pypue
3a HeNnepuoanyHn peanum, KoOeTo ce Hapuia ANCKPETHO BbB BpEMETO
npeobpasyBaHe Ha ®ypue (Discrete-in-Time Fourier Transform, DTFT).

NMocpencTsoM onepaTopuTe 3a npaso, F, v o6patHo, F1, npeo6pasysanHe
MOXXEM Aa 3anuileM ABoliKaTa YpaBHEHUS KaTo

X(Q) = F{x(n)},
X(n) = FH{X(Q)}.
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" A
NpeacraBsiHe HA HENepmoaNYHUN ANCKPETHMU
CUrHanv B yectoTHaTta obnact, npeobpa3syBaH

Ha dypue 3a AuMckpeTHu curHanum (DTFT)

Jokonkoto DTFT 6e BbBeAeHO 3a peamuu C KpanHa Ob/IXKUHA,
CXOAMMOCTTa Ha cyMaTa

+00 )
X(Q)= > x(n)e "
N=—00
He e NpobneM u cnekTbpa X(L2) BUHarn Mmoxe Aa 6bae N3umcneH.

[lpeobpa3yBaHeTo Ha dypue MoXKe Aa ce NpuoXun n 3a beskpanHm
peanum ako Te OTroBapsAaT Ha yCcnoBuATa 3a abCconoTHa
CYMUPYEMOCT:

+00 +00 5
| x(n)|<oo wnu umaT kpaiiHa eHeprus > Ix(n)]” <o
N=—o0 N=-—o00

BCbLWHOCT TEe3M YC0BUSA Ce yAOBNETBOPABAT OT WMPOK Knac
peanumn c 6eskpamHa OAb/IKUHA.
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"

Tema #4

m Pen Ha Oypue 3a AMCKPETHM BbB BPEMETO NEPUOANYHU
CUrHanNu

m CBOWCTBa Ha peaa Ha dypue 3a ANCKPETHU NEPUOANYHMU
CUrHaNu

m [IpeacraBsiHe Ha anepmoanYHN AUCKPETHU CUFHANU B
yecTtoTHaTa obsiact, npeobpasyBaHe Ha Pypue 3a
anckpeTHu curHanm (DTFT)

m CBoucTtBa Ha DTFT

m [luckpetHo npeobpasyBaHe Ha Oypue (DFT) 3a ANCKpPETHMU
CUrHaNu

m MeToaun 3a nsdmncnasaHe Ha AMNd. AnropntMm 3a 6bp30
npeobpasyBaHe Ha ®ypue (FFT).
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"
CBoucTtBa Ha DTFT

CBoncTtBaTta Ha DTFT ca MHOro nogobH” Ha CbOTBETHUTE
cBoncTBa Ha DTFS kKouTo Beuye pasriiegaxme.

m JINHEMHOCT

F{Z b; X; (n)} = Zbi F{x;(n)} :Zbi X (Q)
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"
CBoucTtBa Ha DTFT

m CuMmerTpuna
CnekTbpbT, X(Q), 3a peanHa HenepuoaunyHa peauua, X(n), e

CUMETPUYEH:
X(-Q) = X*(Q),
kbaeTto X*(£2) e komnnekcHo crnperHaTtaTa Ha X(Q). ToBa ce Buxaa

npu 3aMdHa HaA Q Cc-Q B
+00

X(Q)= > x(n)e "

N=—o0
Ot X(-Q) = X*(£2) cneagBa ye aMNIUTYAHUSA CNEKTbP € C YETHa
CUMETPUYHOCT:

X | = [X©@)],
a (ha30BMUS CNEKTbP € C HEYETHA CUMETPUYHOCT:
arg[X(-Q)] = -arg[X(€2)].
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"
CBoucTtBa Ha DTFT

" MepuoanYHOCT
AnckpeTHUTe curHanum (1 peanumn) nmaTt nepnoamnmyeH CnekTbp, KaTo

TOBa € B CMJ1a CbLLO M 3a cnekTbpa X({2) nony4yeH cnea npaBoTo
DTFT. KoraTo aprymeHTa € HopMasaun3upaHaTa brnosa yecrtora §2
[rad], nepuoabT e 2.

KoraTto aprymeHTa e yectoTtaTta Ha konebaHue f [Hz], nepuoaa e

paBeH Ha yecToTaTa Ha AuckpeTusaums f.
IX(Q)]

WAWI\WAN,

21 - T 2n 3 Q [radﬁ
£, -2 f/2 f, f [Hz]
npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024 51
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" A
NpeacraBsiHe HA HeENepmoaUYHU ANCKPETHMU
CUrHanv B YyectoTHaTta obnacrt, npeobpa3syBaH

Ha ®dypue 3a AuMckpeTHu curHanum (DTFT)

Bpemesa ooracm HYecmommna odnracm
HenpekbcHaT (aHAJIOTOB) CUTHAJ HenepnoaudeH ciekThp
<Henepﬂozmqu CUTHAII HenpekbscHat CH@
@CKPGTGH curdai (pen) [leprommucH cn@

IleproanyeH curHa JINCKPETEH CIIEKTHD

Tbi kaTo X(N) e ANCKpeTeH HeNepuoaNYEH CUIHaN, HErOBUAT
cnekTbp X(€2) e eaHOBpEMEHHO NepuoaMYeH U HENPEKbCHAT Mo
OTHOLLUEHME Ha 4YecToTaTa, (2.
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"
CBoucTtBa Ha DTFT

s OTMecTBaHe BbB BpeMeBaTa obnacr

AKO
F{x(n)} = X(€2)

ToraBa M3MecTBaHe Ha peauvuaTa x(n) BbB BPEMETO BOAM A0:
F{x(n-m)} = X(Q) eJom

(ba3oBoO M3MecTBaHe B YecToTHaTa obnacr.

OTMEeCTBaHETO Ha CUrHasa BbB BpeMeBaTa 06/1aCT HE OKa3Ba

BJINSIHWE HA aMMAUTYAHUSA CNEKTbP @ caMo Ha ha30BuUS
CNEeKTHbP.
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"
CBoucTtBa Ha DTFT

m OTMecTBaHe B YyecCctoTHAaTa obnacr

O6paTHOTO Npeobpa3yBaHe Ha Dypue 3a OTMECTEH B YeCTOTHAaTa
06/1aCT CNeKTbp Ce U3passdBa KaTto YMHOXEHME Ha peanuaTa BbB
BpeMeBaTa 06/1aCT C KOMIMJIEKCHATa EKCMNOHEHTa:

FHX(Q-0,)}=x(n)e"™
N CblLO

F{x(n) e 7™} = X(Q - Qo)

OTMecTBaHeTO B YecToTHaTa obnacTt Boam A0 aMNANTyAHa
MoAy/lauus Ha CMrHasla BbB BpeMeBaTa obnacrT.
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" JEE
CBoucTtBa Ha DTFT

m PaBeHCTBO Ha lNapceBan

3a anepmoanyHn peanun C KpaHa eHeprus paBeHCTBOTO Ha
[TapceBan oTpa3siBa eKBMBAJIEHTHOCTTA Ha eHeprusita n3paseHa
4ype3 BPeMEeBOTO M YeCTOTHO NpeacCTaBsAHe Ha peauvuarTa.

3a anepuoaunyHa peauua, X(n), c kpaliHa eHeprus, KoATo UMa

cnekTbp X(£2), paBeHCTBOTO Ha MapceBan ce u3passiBa KaTo

~+00

S x(n) 2 :217T [1X@[do

N=—o0

[Mopagn NnepnoamM4YHOCTTa Ha CrNeKTbpa,MOLHOCTTa B YeCToTHaTa
obnacr ce geduHMpa 3a eanH nepnoa, B paMKUTE Ha 2T.
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"
CBoucTtBa Ha DTFT

m KoHBoONnmwuus
[a cu NpnMnoMHUM n3pasa 3a JIMHeMHaTa KOHBOOUNA,

+00

y(n) = > x(k)h(n—k)

K =—00

n aa npunoxum DTFT KbM ABeTe CTpaHM Ha paBeHCTBOTO. Toraea

Y(Q)=F{y(n)}=F{ i x(k)h(n—=k)}=
k=—00

+00 +00

= > Y x(k)h(n—k)e ¥

N=—00 K=—00
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"
CBoucTtBa Ha DTFT

Toit kaTo X(K) e dyHKkuMsa Ha MexanHHUSA apryMeHT K u He
3aBUCK OT apryMeHTa 3a BpeMe N, MOXEM A pa3MeHUM peaa Ha

cymupaHe. OTunTarkm 4ye n3MecTBaHe BbB BPEMETO Ha peaula
BOAWN A0 YMHOXEHWEe C KOMMNJIEKCHA eKCMOoHeHTa B YecToTHaTa

e F{h(n-K)} = H(Q) ek

nosnyyaBame
Y(.Q.) — x(k) h(n — k) e_j.QTl —
= z x(K)H(Q) e /¥ = H(Q)X (Q),
k=—o0
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" JEE
CBoucTtBa Ha DTFT

Y (€2) = H ()X ()

kbaeTo H(Q), X(Q), n Y() ca DTFT (unm cnekTbpa) 3a
peanunTte h(n), x(n), n y(n).

ToBa 03Ha4aBa 4ye IMHENHaTa KOHBOMOUMS Ha ABE peanun BbB
BpeMmeBaTa 06/1aCcT OoTroBaps Ha YMHOXEHUE HA TEXHUTE CNEKTPU
B yectoTHaTa ob6nacT.

H(Q2) e yecTtoTHaTa xapakTepuctuka Ha AJ/IMB cucTtema
OTYMTANKU Ye TH e C KOMMJIEKCHN cTonHOCTKU (nopaan dypue

npeobpasyBaHETO Ha UMMyicHaTa xapakTtepuctuka h(n) ), moxe
[a ce U3MNon3Ba N eKBMBANIEHTHOTO o3HaveHue H(JQ).
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" JEE
CBoucTtBa Ha DTFT

B nondapHa KoopaAMHaTHa CUCTEMA, KOMMNJIEKCHATa YeCTOTHaA
XapaKTepnCtnkKa MoxXe Aa Ce 3alfimie KaTto

HQ)= HGQ) e oo
kbaeTo |H(JQ)| n arg[H(JQ?)] ca cboTBeTHO aMmnAuTyAHaTa YeCcToTHa

XapaKTeEPUCTUKA U da3oBaTa YeCcToTHa XapaKTepUCTUKa.

B [lekapToBM KOOpPAUHATHU:

H(Q) = Re[H(Q)] +)JIm[H(Q)]

kbaeto Re[H(JQ)] v Im[H(Q)] ca cboTBeTHO peanHaTa 4yecToTHa
XapaKTepUCTUKa U MMarMHepHaTa YeCcTOTHa XapaKTepucTuka.
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" JEE
CBoucTtBa Ha DTFT

OTunTanMkm cBOUCTBaTa JIMHENHOCT U U3MECTBaHE BbB BpEMETOo U
npunaramkn DTFT KkbM aBeTe CTpaHu Ha obwusa Bua Ha pas3siIMkoBOTO
ypaBHeHUue 3a AJINB cnctema

> ay(n-k) = b x(n-k)
k=0 k=0

nosiydaBame npeactaBsgHETO Ha YeCTOTHATa XapakKTepucTmka Ha
kay3anHa AJIMB cucrtema kato ApobHO paumoHanHa @yHKUUS:

M
. b e—ij
Y (jQ) 2.0

_ k=0

X(JQ) . jok
a, e

H(JQ) =

BaxkHO e na ce ot6enexu ye koedbuuneHtTuTe a, and by, Ha
Pa3fIMKOBUTE YPaBHEHWS U YeCTOTHaTa XapakKTepucTuka ca UAEHTUYHU

npod. T. MaH4yeB, LIOC - JleTeH cemecTbp 2013/2024 60



"
CBoucTtBa Ha DTFT

m KOHBOJOLUMA B YyecTOTHATa obnacr

[Mopaan naoeHTUYHOCTTa Ha NpaBoTo U 0bpaTHO nNpeobpa3yBaHe Ha
dypune e B cula Ye KOHBOIOUMATA Ha ABa CneKTbpa B YeCcToTHaTa
obnacTt CcbOTBETCTBA Ha YMHOXEHWE Ha CbOTBETHUTE peauun BbB

BpeMeBaTa obnacrT:

F{x(n)h(n)} = X(k)*H(K),
FHXK)*HK)} = x(n)h(n)
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m [luckpetHo npeobpasyBaHe Ha Oypue (DFT) 3a ANCKpPETHMU
CUrHanm

npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024
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OvnckpeTHOo npeobpasyBaHe Ha ®dypue (DFT)

MoxeM nn ga nauncnum npeobpasysaHeTo Ha Oypue 3a AUCKpeTEH
CUrHaJsl, KOUTO e C KpalHa Ab/IKUHa (MMaMe KpaeH bpon namMmepeHu
CTOMHOCTK), Ype3 nsnon3eaHe Ha (LMPpPoB/ABONYEH) KOMMKOTLP?

| X(€2)]
—7T O 7T
—f./2 fs/2
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OuckpeTHO npeobpa3syBaHe Ha ®Pypue (DFT)

MoxxeM aa cb3gagem anckpeteH cnektbp X(K) = X(k2n/N) upes

pPaBHOMEpPHA AUCKPETU3aLIMSA Ha

DTFT cnektbpa, X(Q),

nocpeacTBoM oTymtaHeTo Ha N CTOMHOCTM B YyecToTHaTa JieHTa 2m.

BpoaT, N, Ha oT4eTUTE B YecToTHATa SIeHTa 2T onpeaens nHTepBana
Ha AMCKpEeTU3aunsa 1 pa3pellaBallata cCnocobHOCT No YecToTa:

AQ = Q, =21/N
p [X(w)]
X(@)| X(K)]
- 0 T Q>
-N/2 0123 N2k Q=k2m/N
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" J
OnckpeTHO npeobpasyBaHe Ha ®dypue (DFT)

Kak ga nsuncnmnm auckpetHus cnektbp, X(K), AnpekTHo oT
OTUYETUTE Ha HernepuoandHaTa AMckpeTHa peaunua Xx(n) ?

4 | X(w)]
IX(Q)] XKl
>
-T 0 T Q
N/2 0123 N/2 k, Q. =k27m/N

Te3un N cToliHocTu oT anckpetHusa cnektbp, X(K), moraTt ga ce
nsumcnat 3a yectotn Q=k2n/N, k=0,1,... N-1, ako ca nageHun N

nocrnefoBaTesIHN CTOMHOCTM Ha curHana X(n), kaTto nsnonseame
ypaBHeHuATa 3a DTFS n oTumntanmkm mawabupaHeTo BbBeAEHO Npu
N3BEXAAHETO Ha MeXANHHUTE pe3ynTaTtu 3a y-To Ha DTFT

X(K) =X(Q)=N X,(K).
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" Jd
AunckpeTHO npeobpa3syBaHe Ha ®dypue (DFT)

Heka HenepuoamuHata peavua X(N) e nedunHMpaHa B MHTepBana
n=0,1,...N-1. MocpeacteoM nepnoam4Ho npoabxeHne Ha X(N) c
nepvoa N MoxeM aa cb3naaem nepuoanuHa peauua X,(n),

il e e

Taka 4ye ga MoraT Aa 6baaT NpuioXeHu y-Ta 3a pea Ha dypue:

Xp(N) = ZX(k)e’k(z”’N)”, n e o

k=<N>

Xp(k) =a, = Z Xp(n) e ~Jk(27/N)n

n=<N >
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" J
OnckpeTtHo npeobpa3syBaHe Ha ®dypue (DFT)

OtumTaiiku ye X(n) v X,(N) cbenagat 8 uxtepsana n=0,1,..N-1, 3a
CNEKTbPA Ha NEPUOANYHUAT curHas, X,(N), MoxeMm Aa 3anuiuem

N-1 _
X ) (k) = %Z X, (n) g ik@z/N)n _
n=0

1 N-1 _
_ _Zx(n)e—Jk(Zﬂ/N)n 3a k=0,1,..N-1.
N n=0

Korato N—o0, auckpeTHaTa HopManusumpaHa yectota Q,=k2n/N

npeMnHaBa B HenpekbCcHaTa vecTtoTa 2, T.e. Q, — (2.

+00

X(Q) = > x(n)e "

N=—0o0
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"
AunckpeTHO npeobpa3syBaHe Ha ®dypue (DFT)

Taka, DTFT, X(£2), Ha HenepmnoauyHaTa peauua X(n) e
HenpekbcHaTa dyHKUMA Ha ), n TpsabBa Aa ce AUCKpeTnsupa.

+00

X(Q)= Y x(n)e ¥

N=—0o0

[nckpeTmsauuns ce rnoctmra nocpeacTBoM yMHoxaBaHe Ha X(Q) C
UMMNYJICHA peanua aeduHmnpaHa B YectotHaTa obniact ¢ DTFT

27w I8 27rm
S(Q)=— ol Q———
@=L o5

Taka ye AuckpeTHaTa Bepcust Ha DTFT, X(£2,), ce nony4yaBa KaTo

X (Q) = X(Q)S(Q) = ﬁ{xp«z)@

sin(0.5Q2) 2 2 5(Q_T)

m=—0

sin(0.5M Q) e”““’]x e 27m
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"
AunckpeTHO npeobpa3syBaHe Ha ®dypue (DFT)

Mmankn B npeasua ye X() =N X (k) v ue Hue xenaem otuetute
Ha X(€),i.e. X(Q)—X(k), Q=k2n/N, k=0,1, ... N-1, nonyuyaBame

N-1 |
X (k) =) x(n)e  &=Hn 91 N1

n=0
18 jk(27/N
x(n)=NkZ_(;X(k)e”” " n=04,.N-L.

KOWUTO npeacrtasnsaeaT npasoTo n obpatHo DFT Ha anepunoanyeH
curHan X(n) ¢ N otueta BbB BpemeBaTa o6nact u N otueTa oT HelHus

HenpekbCcHaT cnekTbp X({2) B YecToTHaTa obnacr.
Ta3un aBoMKa ypaBHeHus ce Hapuia N-Ttouykoso DFT.
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" JE
AunckpeTHO npeobpa3syBaHe Ha ®dypue (DFT)

EAVH Knacndeckn MmeTtoa 3a nsvmnmcnasaHe Ha DFT, nsnonseaH rnaBHO
npean nosieata Ha UMdpoBuUTe npouecopu, e nocpeacrsom baHka
OT opToroHasnHu neHtosn ountpu (filter-bank).

Ho X(0)

Hy X(1)
x(n)

H, X(2)

Fin-1 X(N-1)
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" Jd
AunckpeTHO npeobpa3syBaHe Ha ®dypue (DFT)

Te3n NeHToBN PUATPU UMaT YeCTOTHa Xapaktepuctmka H,(f) ¢
ueHTpanHu yectotu f,=kf,, 3a k=0,1,..N-1.

Ta3nm cxema 3a naymnmcnsasaHe Ha DFT MoXke aoa ce m3nb/HU B
aHasIoros M B UMMPOB BapunaHT. AMNAUTyaAaTa Ha CUrHasia B n3xoaa
Ha NeHToBUTE OUNITPU e NponopuUMoHasiHa Ha CrneKTbpa 3a YecToTa
f.. YectoTHaTa neHTa Ha nponyckaHe 3a duntpute Af =f, Tpabaa
[a e CbM3MepuMa C XenaHaTta pa3spellaBalla cnocobHoCT no
YyecToTa.

KoraTto 6aHkaTa punTpu ce u3nbiHaBaT B UMdpoB BMA, 06eMbT Ha
N34NCNeHnsaTa ce KOHTponnpa 4ypes nu3bop Ha pega Ha ounTpuTe.
[locpenCcTBOM M3NoJsi3BaHe Ha PUNTPU OT NMO-HUCHK ped MoXe Aa ce
NnpaBy KOMIMPOMMUC MeXAy TOYHOCT M 06eM Ha U34YncneHunaTa.

Ta3nm cxema No3BoJisiBa OLEHSABAHETO CaMO Ha onpeaesieHn YeCTOTHO
KOMMOHEHTWN B CrnekTbpa, 6e3 Aa ce n3uyncnssa Uenms CrnekTbp.
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"
CBoucTtBa Ha DFT

= JINHENHoOCT

m Cumetpusn

m NMepuoanYyHOCT

= I3MecTBaHe BbB BpeMeBaTa obnacrt
= I3MecTBaHe B yecTtoTHaTa obnacr

m YpaBHeHue Ha lNapcuBan

CBounctBaTa Ha DFT npousnu3at ot Te3nm Ha DTFT, n ce nspasgasar
ypes3 3aMsiHa Ha HenpekbcHaTMA cnekTbp X({2) ¢ ANCKpeTHUS

cnekTbp X(K) n Ha MHTerpanuTe cbC CbOTBETHUTE CYMMU.
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m MeToaun 3a nsumncngasaHe Ha AMNd. AnropntMm 3a 6bp30
npeob6bpa3yBaHe Ha Oypue (FFT).
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MeTtoaum 3a nsumncnsasaHe Ha DFT

DFT ce nanonsea B MatemMatmkaTa U B NMPUJTOXKEHUA KOUTO U3UCKB
CnekTpasieH aHann3 Ha CUrHasaun, IMHenHa dunTpauns, KoampaHe u
ap. Obaye nsumncngasaHeto Ha DFT AnpekTHO OT popMynuTe C
KOUTO e aepuHmnpaHo e Tebpae 6aBHO 3a NpaKTUYeCKM 3a4aun.

N-1 |
X (k)= x(n)e GO =01, N-1,
n=0

1 N-1 _ i
x(n) = NZ X (k)e™ =™ n =01, N-1,
k=0

BbpoAT Ha MaTemMaTuyeckuTe onepaunmn (CymMupaHe n yMHOXeHue)
HeobxoanMM 3a ANPEKTHOTO nldmcngaBaHe Ha DFT Moxe aa ce

oueHun kato O(N 2), T.e. 06WMAT 06EM Ha U3UMUCTIEHMATAE €
nponopunoHaneH Ha N 2 3a N-Toykoso DFT.
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" A
MeTtoaum 3a nsumncnsasaHe Ha DFT

Cnopen nedpunHnumaTta Ha npasoto DFT, 3a nsuncnsasaHe Ha BCsIKa
eaHa oT N KOMNNeKCHU CcToMHoCcTn Ha X(k) ca Heobxoammu N
KOMMNNEKCHU YMHOXeHns u N-1 KOMNNEeKCHU CyMUpaHus.

Ob6ema Ha nsumncneHnsaTa BKAYBA U YMHOXeHUsATa ¢ W,°, KOUTO
6buxa Mornm ga ce nponycHaT, HO ToBa 61 N3NCKBaANIO NO-CNOXEH
anropntbM 3a 06paboTka Ha TO3M YacCTeH Cc/iy4yaMn.

B 06WwMAT cnydai Ha koMniekcHa peauua, X(n), ca Heob6xoanmm 4N
YMHOXEHUS Ha peanHu yncna n 2N-2 cyMupaHus Ha peasnHu yucna.

Taka ye ca Heobxoammm 06wo N2 komnnekcHu ymMHoxeHus u N2-N
KOMMIEKCHU CyMUPaHMS.

Hanpumep, 3a N=1024, 06eMbT Ha MaTeMaTUYeCKUTE onepauumn 3a
nsuncnasaHe Ha DFT e ~ 2*10°.
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" A
MeTtoau 3a usumcnsssaHe Ha DFT

3apaan cuMmeTpusaTa Ha npaBoTo n obpaTtHo DFT (o6bpaTtHoTO DFT
ce pasninyaBa caMo Mo 3HakKa B aprymMeHTa Ha KOMMJIeKCcHaTa

eKCrnoHeHTa 1 no Mawabupawmart koedbuumeHT 1/N ) obema Ha
n3ymcneHundaTta 3a obpatHoTo DFT e cbu3aMepuM € TO3M Ha NpPaBoOTO.

N-1 |
X (k) =Y x(n)e ¥ =01, N-1
n=0

1 N-1 _ i
x(n) = NZ X (k)eX =™ n=01, .N-1.
k=0

Korato M34ncnsgBaHeETO Ha Lennsa CreKTbp HE € Ha/lOXUTENHO, U €
HeobXxoaMMO oLEeHsIBaHe TO MYy caMo 3@ M 4eCTOTHM CbCTaBnsiBaln
(M<<N), obeMa Ha onepaunnTe MOXe aAa Ce HaManu 3HAYUTESHO.
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" A
MeTtoaum 3a nsumncnsasaHe Ha DFT

[ToBeyeTo aNIropuTMn 3a YCKOpPEeHO mnsyncnasaHe Ha DFT oTtuuTart
CBOMCTBaTa NEPUOAUYHOCT N CUMeTpusa Ha dasosus sektop W:

WI\|I(I’1 :WI\II((I'H-N) :W (k+N)n

N
k K(N=n)y\*
WNn :(\NN( n))

TakuBa ca anroputMmTe npeasnoxeHn ot Runge, Danielson Lanczos,
Goertzel, n ap.

Hakon oT Te3n anropntMm ca ocobeHo epeKTUBHU 3a U3UHNCNABAHE
Ha DFT 3a manbKk Habop oT npeaBapuTenHo nlbpaHu yectotu. (Toea
e Heo6xoaAMMO HanpuMep Npu pas3rno3HaBaHe Ha CUrHanuTe 3a
TOHaNHoO n3bupaHe Ha HoMepa (Dual-tone multi-frequency, DTMF)).
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" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

[onsaM Hanpeabk 3a 6bP30TO n3uncnaeaHe Ha DFT e HanpaBeH npes
1965, koraTto e nybnukysaHa pabotaTta Ha Cooley n Tukey. Te
npegnaraTt aJiIropuTbM 3a nsumncnasaHe Ha DFT 3a cbcTaBHa

cToMHOoCT Ha N, KosiTo e Npon3BeAeHUE OT HAKOJIKO MPOCTU Yncna
m;, 3a N=m;.m,.ms......m,.

[Ty6IMKyBaHETO Ha Ta3u CTaTuUsa Npean3BMKBa NybIMKyBaHETO Ha
HOBW anropuTMM 3a KOUTO Ca U3BECTHM Noj 06LLL0TO Ha3BaHME

Bbp30 npeobpasyBaHe Ha Oypue (FFT).
FFT anroputbMa e Han-edbekTnBeH 3a N=Mm P, kbaeto m ce Hapuua

ocHoBa (radix) Ha FFT anroputbmMa.

HakpaTKo we pasrnegame eauH anroputbM npu ocHoBa 2 (radix-2),
KOWUTO € cpel Han-4ecTo M3non3eaHuTe anropmtMun 3a FFT.

npod. T. MaH4yeB, LLOC - JleteH cemecTbp 2013/2024 79



" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

KoraTo pa3sMmepHocTtTa Ha DFT e N=2P moxe pa ce nocturHe

3HA4YNTEJIHO CbKpallldaBaHE Ha o6eMa Ha n3vncneHunaTa 4Upe3
OTYMTaHe Ha CBOMCTBATA rnepnogndHoctT W CUMETPUYHOCT HaA

dazosusa sexktop Wy.

Heka X(n) aa e peanua c N otyeta, kato N=2P. Mpunaraiiku
aeumMaumns no 2 kbM peauuata X(nN) nonyyasame ABe HOBU peanLm

X,(N) 1 Xx,(n) c pasamepHocT N/2, KOUTO CbABbPXKAT YETHUTE U
HEUYETHM OTUYETM Ha MbpBOHAYaNHaTa peavua:

X,(N)=x(2n), n=0,1,..(N/2) -1,
X,(N)=x(2n+1) , n=0,1,...(N/2) -1.
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" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

MoxeM aa nspasmm DFT c pasmepHocT N nocpeactsom aBe DFT c
pasmepHocT N/2 3a geunmupanute peanum, X,(n) n x,(n):

Z

-1

X(K) =D x(MW = > x (MW" + D x, (MW" =

n=0 n=<even> n=<odd >

(N/2)-1 (N/2)-1

= > XMW"+ D x@n+DWEP*, k=0,1,...N-1.
n=0 n=0
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" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

Tbi KaTo W,\f =W 3a X(k) moxem pa 3anunwem:

N/2 7
(N/2)-1 (N/2)-1
X (k) = Z X(2N)W,S, + W, Z X(2n + W, =
n=0 n=0

= X (K)+WEX, (k) , k=0,1,....N-1.

kbaeTo X, (K) n X (k) ca DFT c paamepHocT N/2 3a YeTHUTE ¥
HeyeTHU Yactu Ha peauunTte. Tyk X (K) n X, (k), ca nepmoanyHm c
nepuoa N/2:

X (k+N/2)=X (k) n X (k+N/2)=X_(K).
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" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

K+N /2 k
OcBeH ToBa, otumtame ye Wy =-W\ wn ToraBa

X (k) = X, (K) +W X (K) , k=0,1,....N-1.
MOXXe Aa Cce npeacTtaBu C ABETe YpaBHEHUA 3@ PEKOHCTPYKLUUSA:
X (k) = X, (k) +Wy X, (k) , k=0,1,..(N/2)-1,

X(k+N/2)=X (k)-WgX, (k) ,k=0,1,..(N/2)-1.

KOWUTO MOraT Aa ce npeacTaBAT CbBMECTHO NMOCpeaCcTBOM
orepauuaTta nernepyaa, ndpaseHa rpaduyHo KaTo

A X=A+BW*

Wk
B Y=A-BW¥

83
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" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

X (k)= X, (K)+W, X (k) ,k=0,1,...(N/2)-1,
X (k+N/2) =X (k) -Wg X, (K) , k=0,1,..(N/2)-1.
CbrnacHo te3un y-a obema Ha nauymncneHusTa 3a DFT e:
m (N/2)? komnnekcHu yMHOXeHUs 3a usumcnssaHe Ha X (K),

m (N/2)? komnnekcHu yMHOXeHUs 3a usumcnssaHe Ha X, (K),

m N/2 komMnnekcHU yMHOXeHUs 3a nsumcnasaHe Ha Wk X, (K),

Taka o6bwuaT 6poit koMnnekcHn ymHoxeHnsa e N2/2+N/2, koeTo 3a

ronemMu ctomHoct Ha N e nonoBuHaTa oT 6pos Ha onepauuuTe
Heob6xoauM 3a AnpekTHaTa opMyna 3a npaso DFT.
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" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

Mo CbLMSA HAUYMH MOXEM Aa NPUNOXNM NnpoLeaypaTa 3a
neunmaumns kbM X (K) and X, (k), 3a Aaa nony4mMm no-HaTaTbLUHO
HaMansiBaHe Ha 6posl Ha onepaunnTe.

B KpallHa CMeTKa Ta3n CXeMa Ha pas/jlaraHe Ha YeTHU N HEeUYETHU
peavum BoAu A0 noslydaBaHETO Ha eANHUYHU OTUYETU OT

peanuaTta X(n). O6aue DTF OT eMH OTYET € paBeH Ha CaMus

o X (0) = zol X(OW? = x(0), k =0

O6wmnsa 6pon Ha cTbnkUTe 3a peanua ¢ abmxuHa N=2P e p. Cnen
noslyyaBaHe Ha peauunTe oT Mo eanH oTyeT oT X(N), Moxem aa
nsuncnmm X(k) no dopmynute 3a peKoHCTpyKLUSA

X (k)= X, (K)+W, X (k) , k=0,1,...(N/2)-1,
X(K+N/2)=X_(k)-WX_ (k) ,k=0,1,..(N/2)-1.
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Bbbp30 npeobpasyBaHe Ha ®dypue (FF

o)

x(0) X(0)
x(4) - X(1)
X(2) f\. X(2)
P \ < o

S
; o%” -

X(7) X(7)
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" A
Bbbp30 npeobpasyBaHe Ha ®dypue (FF

Taka cnen p nocniegoBaTesiHM geunMmaunm, BxoaHaTta peavua x(n)
e npeHapeaeHa. ToBa ce peanusmpa 4ypes pa3MsHa Ha
nocnenoBaTeNIHOCTTa Ha buToBeTe B MHAEKCUTE HA OTYETUTE U Ce
Hapuya bit-reversed meTop 3a agpecnmpaHe Ha nametTa. To3u
MEeTo ] € peann3mpaH BbB NOYTU BCUUYKN CbBPEMEHHW NPOLIECOPU
3a UOC.

x(n) | Binary code | Reversed code Reordered x(n)
x(0) 000 000 x(0)
X(1) 001 100 X(4)
X(2) 010 010 X(2)
X(3) 011 110 X(6)
X(4) 100 001 x(1)
X(5) 101 101 X(5)
X(6) 110 011 x(3)
X(7) 111 111 x(7)
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Bbbp30 npeobpasyBaHe Ha ®dypue (FF

3a FFT c paaMepHocT N, obwimaT 6pon Ha KOMMNNEKCHUTE
ymHoxeHus e (N/2)log, N, a 6posi Ha KOMMNIEKCHUTE CyMUpaHUs
e Nlog,N. Taka ob6wymnst o6em Ha nsuncieHnsTa HeobxoanMmMu 3a

DFT v FFT npu pa3nnyHa pa3smepHocT N e

N N * (N/2)log, N Reduction

4 16 4 4,0

8 64 12 5,3

16 256 32 8,0

32 1024 80 12,8

64 4 096 192 21,3
128 16 384 448 36,6
256 65 536 1024 64,0
512 262 144 2 304 113,8
1024 1 048 676 5120 204,8
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" A
Bb3MOXXHU BbMNPOCHU 3a U3NuUTA

m 33 KakBW CUTHaNU e npunoxunm peabT Ha Pypue (Discrete in
Time Fourier Series)?

m 3allo cyMmaTa Ha peaa Ha dypwue 3a pegnum e cxogsawa ?

m  KakbB e 6pos Ha XapMOHUYHUTE NpeacTaBAaALlM NepnoanyHa
peaunua ypes peaa Ha dypue?

m KaKbB € CMUCBL/BLT Ha paBeHCTBOTO Ha [lapcesan?

m 33 KakBW CUTHaNIN e NpusioXxXxnmo npeobpasysaHeTo Ha Pypue 3a
peanun (DTFT)?

m  ObsdcHeTe pa3nmkute Mexay npeobpasyBaHeTo Ha Pypue 3a
peanun (DTFT) n anckpetHoTo npeobpasyBaHe Ha Pypue.
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x [4]

x[3]

N\

y[3l
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