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CbhabpixaHue

MpeancTtopms n eTMMONorns

Bpb3ka Mexay CnekTbpa Ha HEMNPEKbCHAT BbB BPEMETO CUTHAJ
N CNeKTbpa Ha ANCKPETU3NPAHUSA CUTHA

TeopeMa Ha ANCKPETU3aLMATA, Bb3CTAHOBSABAHE Ha
HENPEeKbCHAT CUTHAN OT ANCKPETEH CUTHan

npod. T. N’aHueB, LLOC, JleTteH ceMecTbp 2024



NMpeancropua n eTUMOJIOrnsA

TeopeMaTa Ha AUCKpeTu3aumndara
(aka ocHoBHa Teopema Ha
TEeopusTa Ha MHTEProaunsTa)
ce CbCTOM OT ABe 4acTu:

NbpBaTa TBbPAU, 4e
dYHKLNA C KpanHa 4YeCcToTHa
NIeHTa € Hanb/IHO
ornpeneneHa oT HEUHUTE
OTYETU, U

BTOpaTa ONmMcBa Kak aa ce
Bb3CTaHOBMU

NbpBOHAYaNHaTa PyHKUUS
N3MON3BANKUN TE3U OTUETMW.
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" A
NMpeancropuma m eTuMosiorms

IcTopu4yeckun TeopemaTta Ha ANCKPeTU3aLmaTa € NpeoTKpMBaHa
MHOIrOKpPAaTHO OT pa3/IMuyHM aBTopM paboTewm B obacTa Ha Teopus
Ha MHdOpMaLMSATaA U TEOPUSA HA UHTEpNonaumnaTa.

> MbpBaTa 4YacT Ha TeopeMaTa e popMynupaHa ot Borel npes
1897.

» [1BeTe yacTn Ha TeopeMaTa Ha AUCKpeTuU3aumnsaTa ca
dopmynupanu ot ot E.T. Whittaker npe3 1915 r v ot J.M.
Whittaker 1935 r B pa3ninM4yHu BapmaHTu.

> KoTenHnkoB nyb/sMKyBa TeopeMaTa Ha AUCKpPEeTM3aumaTa rnpes
1933.

» Kupfmuller noka3ssa Teopemarta B 1939 r.
» Gabor nybnmnkysa TeopemaTa npe3 1946 r.

» Shannon nybnukyBa goka3aTencrBo Ha TeopeMaTa npe3 1949 r.

npod. T. FaHueB, LUOC, JleteH cemecTbp 2024



" A
NMpeancropusa n eTUMOJIOrnA

B nutepaTtypaTta pa3fniMyHM aBTOPU MMEHyBaT TeopeMaTa Ha
ANCKpPEeTn3aumndaTa KaTo
npasuno Ha Nyquist*,
TeopeMa Ha Shannon,
TeopeMa Ha Nyquist-Shannon,
TeopeMa Ha Nyquist—-Shannon-Kotelnikov,
TeopeMa Ha Whittaker—-Shannon-Kotelnikov,
TeopeMa Ha Whittaker—-Nyquist—-Kotelnikov-Shannon,

BcbuiHocT, Nyquist He e pa3rnexaan npobnema 3a AnckpeTnsauyns
N Bb3TAaHOBSIBAHE Ha HernpeKkbCHATU CUrHanun*, Ho Nno eaHa wunu
apyra npuyunHa apyr astop oT Bell Labs cBbp3Ba Heroeoto nme ¢

TeopeMaTa Ha AUCKPEeTM3aLunaTa.

*Mpe3 1928 Nyquist noka3ea, 4Ye MakCMMyM 2B He3aBUCMMU OTYEeTa MoraT ga 6vaart
M3NpaTeHn No KaHana 3a Bpb3Ka C YEeCTOTHa NieHTa B.

npod. T. MaH4eB, LUOC, JleTeH cemecTbp 2024



" A
CuMmeTpua Ha BpeMe-4yeCcToTHUTEe
npeobasyBaHus

Bpemesa ooracm HYecmommna odnracm
HenpekbcHaT (aHAJIOTOB) CUTHAJ HenepunoauydeH cneKThbp
HenepuoauueH curaai HenmpexbCHAT CIIEKTHD
JluckpereH curaani (pen Ilepnoanyen CrieKTbp

IleproanyeH curHa JINCKPETEH CIIEKTHD

npod. T. FaHueB, LUOC, JleteH cemecTbp 2024
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TeMma #5

Bpb3ka Mexay CnekTbpa Ha HEMNPEKbCHAT BbB BPEMETO CUTHAJ
N CNeKTbpa Ha ANCKPETU3NPAHUSA CUTHA

TeopeMa Ha ANCKPETU3aLMATA, Bb3CTAHOBSABAHE Ha
HENPEeKbCHAT CUTHAN OT ANCKPETEH CUTHan

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



" A
Bpb3Ka MeXXAy CneKTbpa Ha
HenpeKkbCHAaT BbB BpeMeTO CUrHan v

CNeKTbpa Ha ANCKPETU3NPaHUA CUTrHaJl

S
Xd(JQ)=T—ZXC(JQ+12nr)

s r=—

npeacTaB/isgBa Bpb3kaTa Mexay cnektbpa, X,(JQ), Ha peavuaTa x(n)
n cnektbpa, X (o), HA CbOTBETHUA HEMPEKbCHAT CUrHan.

To3un pe3yntaTt noka3sa 4ye cnekTbpsuT, X,(j2), Ha peanuaTta x(n) e
cyMaTa OoT MawabupaHuTe No amnNanTyaa U HOpMMpPaAHM NO YecToTa
cnekTpu X (j2) Ha HeNpeKbCHATUA CUrHas, pa3nosIoXXeHU C nepuos

27T MO npoTexeHune Ha yectoTHaTta oc Q.

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



" A
Bpb3Ka MeXXAy CneKTbpa Ha
HenpeKkbCHAaT BbB BpeMeTO CUrHan v

CNeKTbpa Ha ANCKPETU3NPaHUA CUTrHaJl
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Bpb3Ka MeXXAy CneKTbpa Ha
HenpeKkbCHAaT BbB BpeMeTO CUrHan v

CNeKTbpa Ha ANCKPETU3NPAaHUA CUTHaJ
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[Mpn HenpaBuneH n3bop Ha
yecTtoTaTa Ha
ancKpeTusaums, T.e. npu
0, < 20, CNEKTPUTE OT
CbCeAHUTE JIEHTU Ce
NpUNoKpuBaT U
HacnareaT, KOeTo ce
NposiBsiBa KaTo NnosiBABaHe
Ha HOBW YECTOTHM
CbCTaBNsgBalWKM B
OCHOBHAaTa YeCTOoTHa JIeHTa

[0, fs/2].

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



NMpuMmep:

LW AN

Time

MaMe aHanoroe nepnognyeH cUrHan, cCMHycomaa c 4yecrtorta 15 Hz,
11X

| |

-15 0 +15 f ]

N36pann cMe yecTtoTa Ha agnckpetusaumnsa fs =20 Hz.

TbW KaTo CNeKkTbpa Ha ANCKPETHUS CUTHaT € nepuoanyen
nonyyasame: 0 fs £15 Hz, 1fs+15Hz, 2fs £15 Hz, ...

T.€. YeCTOoTHUTe cbCTaBsAwmM B nHtepsana [0, 20 Hz] we ca ase:
{0+15=15 Hz, 20-15=5 Hz}.

B ocHoBHaTa 4ecTtoTHa neHta [0, fs/2] ce nossBM AONbJ/IHUTESTHA
CbCTaBslla, C YyecTtoTa 5 Hz.
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NMpuMmep:

11X ()]

[TbpBOHAYaIHUAT CUTHanN e
Cc yectoTta 15 Hz |

[
»

-15 0 #15 f
Ouckpetusunpame c fs =20 Hz.
[MoHeXe ANCKPETHUAT X () ‘
CUrHana nMa nepuoanyeH [ [ { I

A

CNneKTbp, N34NCNsgBaMe.

0.fs £15 Hz, |
1.fs £15 Hz, -15(0) 0 -15(f) +15(0) f. +15(f) f

2.fs £15 Hz, ... X ()

B nHtepsana [0, fs/2=10 Hz], {

v

YecToTHaTa CbCTaBsLIa € CaMo
efHa --> 5 Hz, koeTo e 0 5 f/2=10Hz f
norpeLleH pesynTar.
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TeMma #5

MpeancTopus N eTMMoNorus

Bpb3ka Mexay CnekTbpa Ha HenpekbCHaAT BbB BPEMETO CUIMHas
N CNeKTbpa Ha AUCKPETU3NPAHUSA CUTHAN

TeopeMa Ha ANCKpeTM3aumndTa, Bb3CTaHOBABAHE Ha
HENMpEKbCHAT CUIrHaJ1 OT ANCKPETEH CUTHAJ]

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



" A
TeopeMa Ha AUCKpeTU3auMmAaTa,
Bb3CTaHOBSIBaAaHe Ha HenpekKbCHaT

CUrHan ot AonmcCcKkpertTeH CurHan

OcHoBaBanKu ce Ha HabnwaeHUsaTa HM A0 TO3M MOMEHT MOXEM [Aa
HalpaBuUM CciegHnAaT n3aBo 3a CblWHOCTTA Ha TEOPEMATA Ha
ANCKPETU3aUNATA.

Ako HenpekbcHaT curHan, x(t), komto uma cnektbp X_ (jJo)
C OorpaHuyeHa 4YecTtoTHa JieHTa 1w,

6bae AUCKPEeTU3MUPaH C YecToTa Ha AUCKpeTU3auus
0> 20p,

TO curHanoTt x(t) MmoXke oa 6bae Bb3CTAaHOBEH HAMbJIHO OT
AnNckpeTtHua curHan x(nTs).

B nutepatypaTta o /2 (nnun fs/2) 4ecto ce Hapuya yectoTa Ha Nyquist.

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



" A
TeopeMa Ha ANCKpeTU3auMAaTa,
Bb3CTaHOBSfiBaHe Ha HenpeKbCHaT
CUrHaJz OoT AMCKpeTeH CurHan

Bb3cTaHOBABAHETO HAa HenpekbcHaTua curHan, x(t), ot AMckpeTHus
curHan x(nTs) ce n3pbpluBa C MOMOLLTA Ha UAEeaNeH HNCKOYECTOTEH
dunTbp C KoeduuMeHT Ha npegaBaHe |H, (jw)|=T, n c rpaHnyHa
YUecToTa Ha JieHTaTa Ha NponycKaHe ®,YAOB/ETBOPSBALLA
YCNOBUETO:

Wp < W, < Wgs — Wp
[MpoLecbT Ha Bb3CTaHOBSIBAHE Ha HenpekbcHaTua curHan, x(t), ot

anckpeTtHusa curHan x(nTs), T.e. dunTtpaumata ¢ HY®P, ce npeacrass

KAaToO
X (jo) = H(jo)X,(jo)
X(t) = X(nT,)*h, (t) = > x(nT,) h, (t—nT,)

npod. T. MaH4yeB, LOC, JleteH cemecTbp 2024
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NpumMmep 3a cnyyvyasa o.=n./2
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npod. T. MaH4eB, LOC, JleteH cemecTbp 2024



"
TeopeMa Ha AUCKpeTUu3auuaTa,
Bb3CTAaHOBfiIBaHe Ha HenpekKbCHaT
CUrHan OoT AMCKpeTeH CUrHan

OT pednHuumaTa 3a unTpaumns
+00

X(t) — X(nTs) * hr(t) — Z X(nTs) hr(t — nTs)

X (jo) = H (o)X (jo)

MOXeM [Oa oTbenexuM, 4Ye WUMMNyJICHAaTa XapaKTepuctuka Ha
mnaeanHmna H4oO e

h,(t) = F{H,(jo)}
h (t)=T. &sinc(“)ctj

T 7T
sin(z X)

7T X

npod. T. FaHueB, LLOC, JleTeH cemecTbp 2024



" A
TeopeMa Ha AUCKpeTu3auuaTa,
Bb3CTAaHOBfiIBaHe Ha HenpekKbCHaT
CUrHan OoT AMCKpeTeH CUrHan

A
sinc(x)

1
k/'l/\l /
3 2 A o

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024
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" A
TeopeMa Ha AUCKpeTUu3auuaTa,
Bb3CTAaHOBfiIBaHe Ha HenpekKbCHaT
CUrHan OoT AMCKpeTeH CUrHan

Cnen 3aMecTBaHETO Ha
. . w1l
h, (t) =T, —<sinc| —
7T 7T

B n3pasa 3a puntpauyunsaTa, T.e. cymaTta Ha KOHBoOIlOUMATa M/Y
CUrHana m nMnyJsicHata X-kKa Ha nageaneH H4O

+00

X(t) = X(nTs) *h, (1) = Z X(nTs) h (t - nTs)

nonyyaBame _
x®) =3 x(nT,) T, &sinc{”c (t- ”Ts)}
N=—o0 /A 7T

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



" J
TeopeMa Ha AUCKpeTusauumaTa,
Bb3CTaHOBABAHEe Ha HenpeKbCHarT

CUrHaia ot AMmCKpeTeH CurHan

NpeanHuat H4O He Moxe Aa 6bae peanmsmpaH pusnyecku,
nopaan ABe NpUYNHU:

1) sinc(.) dpyHKUMATa e Cc be3KpalHa Ab/IKUHA, NMPU KOETO cyMaTa
Ha KOHBOJIIOLUMATA HE € CX0AMMa N N3UYNCIeHUaTa He MoraT Aa
3aBbpuaTt. 3atoBa sinc(.) dyHKUMAaTa 06MKHOBEHHO Ce
arnpokcmMMmpa c KpaeH 6poun 4ysieHoBe, HO MbK TOBA BOAWU A0
OTCTbNJIEHME OT naeanHnsa H4O.,

2) UMnyncHaTta xapaktepuctuka Ha H4® He e Kay3anHa peavua,
T.e h(n) + 0 3a n < 0 v cnegoBaTesIHO U3YUCNSBAHETO Ha
CcyMaTa Ha KOHBOMKOUMUATA M3NCKBa (Mo npuHumn 6eskpaeH
6poin) 6bvaewn CTOMHOCTM Ha BXoAHUA curHan x(n).

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



" A
TeopeMa Ha ANCKpeTu3sauusaTa, Bb3CTaHOBsIBaHe
Ha HenpeKbCHAT CUrHasa OoT AUCKpeTeH CUrHan

[Topaan ToBa B NpakTukKaTa ce

M3MN0N3BaT Pas3/IMYHMN MHTEPNOSIAaTOPKU 10

Ha curHana:

m EKCTpanonaTopbT € MHTepnosiaTop
OT HyNneB pen, YMNTO n3xod “nNoMHu" )5
CTOMHOCTTa Ha nocsiegHns oT4eT 3a
eANH NHTepBaa Ha ANCKpeTMn3auuns.

m HTepnonaTopbT OT NbpPBU pea
dopmMmnpa Ha n3xoaa cuM CUrHarn
MeXay BCEKW ABa OT4yeTa, KOUTO e
cpeaHaTa CTOMHOCT Ha Te3u ABa
oTyeTa. 3.9

m  VIHTepnonatopuTte OT BTOPU, TPETH,

M T.H. pea U3non3saT KBagpaTuyHa
KpuBa, KybuyHa KpuBa, Uin Kpuseu §
OT NMO-BMUCOK pea.

— exact Gram matrices
-©- Oth order interpolation
‘Bl Ist order interpolation

00 310 320 330 340

subcarrier index w

npod. T. FaH4eB, LOC, JleteH cemecTbp 2024



"
TeopeMa Ha AUNCKpeTu3auusaTa, Bb3CTaHOBsIBaHe
Ha HenpeKbCHAT CUrHasa oT AUMCKpeTeH CUrHan

[MpuMepbT, KOWTO pasrnenaxme e MateMaTudecka naeanmslaums.
PeanHUTE CUrHanu nmat 6e3KpaeH CneKkTbp...

| X (o) | ¢ | X (o) | ¢
-y + oy @ > -y + oy @ g
1X.G) | (1/T)|x () | XU ] (1/T) 1X.() |
- s /2 (O o ©
| XaUie) I (1/T)IXC(Q)I leU@)l“(l/Ts)IXC(Q)I

2t -t O +7T +2T1T Q

npod. T. FaHu4eB, LUOC, JleteH cemecTbp 2024



" A
TeopeMa Ha ANCKpeTu3sauusaTa, Bb3CTaHOBsIBaHe
Ha HenpeKbCHAT CUrHasa OoT AUCKpeTeH CUrHan

[Mopaav ToBa, sIBIEHMETO “"HacnarBaHe Ha crekTpute” He MoXe aa
6bae n3barHaTo n3usan0, Aa)e rnpuv NpPpom3BOSIHO BUCOKM YECTOTH
Ha AUCKpeTu3auus.

3aeqHo C ToBa, Npu peasiHUTE CUMrHanM MOLWHOCTTA Ha CneKkTbpa
Ha4 onpejesieHa YecToTa CTaBa npeHebpeXxnmo Masika u Tasu
4ecToTa MOXe [a Ce pa3rnexaa KaTo rpaHM4yHa 4YyecTtoTa Ha
CNeKTbpa, op.

B npakTukaTa o, ce onpegend ot ycnosmeto 95%, 97% wnun 99%
OT MOLLHOCTTa Ha CUrHasna Aa nornaja B Ta3m YeCTOTHa JIeHTa.

N360pbT Ha ®, € KOMNPOMUC MexXay CTpeMexa aa ce nsbepe
MaKCMMaJIHO LUMPOKA JIEHTA 3@ aHa/IM3 Ha CUrHanNa u
HeobxoaAMMOCTTa Aa ce n3berHe BANAHUETO Ha NBbXIUBU YECTOTHMU
CbCTaBSLM OT CbCEAHUTE KOMMUSA Ha CNeKTbpa.

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



"
TeopeMa Ha ANCKpeTu3sauusaTa, Bb3CTaHOBsIBaHe
Ha HenpeKbCHAT CUrHasa OoT AUCKpeTeH CUrHan

3a HaMansBaHe Ha edeKTa OT HacslarBaHe Ha CrnekTpuTe, B
cucremute 3a LUOC Ha aHanoroBm curHaam ce nocraBsAT BXOAHU
HY®, KonTto orpaHn4yaBaT YecToTHATa JIeHTa Ha BXOAHUAT CUrHanN Ao
4yecToTa No-Masika OT NOoJIOBMHATA Ha YyecToTaTa Ha ANCKpeTu3auus.

s(nT)
LPF LPF

b L AXT a7 n (XL | Q) [y(n)| ) [ VNTd ‘TsLy(t)

x(t)

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024



NMpumMmep

XG0 [(1/T)|Xo)]

v
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b) LPF
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npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024




" A
Bb3MOXXHU BbMNPOCHU 3a U3NuUTA

m ObsAcHeTe B KaKBO Ce M3pa3siBa Hac/larBaHETOo Ha CNeKTpuTe n
3allo ce nposaBgaBa?

m Moxe nu aa ce nsberHe HacnareaHeTo Ha criekTpute? Kak?

m KakBo npeacraenssa naeanHuaTt H4O mn 3aw,o0 He Moxe aga bbae
peanunsnpaH Pusnyeckun?

m KakbB CMeKkTbp e ce Noayym npm AUNCKPETU3MPAHETO Ha
HenpeKkbCHAT CMHycoyaaneH curHan x(t) = sin(2nf,t), korato
yectoTaTa Ha AuckpeTtusaumna e f.=f,?

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024
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Ha CUTHaNM

Tema #6
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