LindppoBa o6paboTka
Ha CUTHaNu

Tema #9: lNpeobpa3yBaHe Ha Jlanaac.
Z-npeobpa3syBaHe. Z-npepgaBaTtesiHa
xapakrepucruka Ha JINB cncremun



" J
CbhabpixaHue

[Mpeobpa3yBaHe Ha Jlannac

Z-npeobpasyBaHe

CBouncTtBa Ha Z- npeobpasyBaHeTO 3a peanum

Z-npepasaTteniHa @dyHKumsa Ha AJIMB cuctemu

3aBUCUMOCT M/y cTabunHocta Ha AJINB cncrtema un nosmnmunmnTe
Ha MOJIIDCUTE N HYNUTe Ha Z-npeaaBaTesiHaTa XapakTepucTtmka
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"
BbBeneHue

OT gocera pasrnegaHute ABa OCHOBHUM MeToa Ha undpoBaTa
obpaboTka Ha cUrHanwu, JIMHenHa KoOHBoJilouns n ®ypue aHasins, ce
n3sacHu, ye AJIMB cncrema moxe aa 6vae m3usano gedpmHmnpaHa
nocpeacTBOM UMMYyJICHATa CU UJIN YEeCTOTHaTa CU XapaKTEePUCTUKMN.
[lpn npoekTUpaHe Ha AUCKPETHU CUCTEMU, B T.4.:

EnekTpnyeckun sepuru,

Pa3snpocTpaHeHne Ha Bb/IHUTE,

[locTbnaTenHo nnu BbPTEINBO ABMXEHWE,

EnekTpo-MarHMTHW NoneTa,
TonnoobmeH, u Ap.

Ce M3NCKBA pellaBaHeToO Ha pPa3/IMKOBU YPaBHEHUSA, MPU KOETO
MMNYJICHATa XapaKTepPUCTUKA Ce CbCTOM CaMO OT €KCMNOHEHTU U
CUHYyconaun. AHann3 Ha YCTOMYMBOCTTA CE U3BbPLUBA Ype3 z-
npeobpa3yBaHe.

[Mpn cb3paBaHe Ha aHasloroBn cumcreMun (KouTo obpaboTsaT
HenpeKkbCHAaTU CUMHAMN) Cce N3UCKBA PELLaBAHETO Ha
andepeHunanHn ypaBHeHus. 3a aHaan3 Ha YCTOMYMBOCTTA ce
n3nonssa npeobpasyBaHe Ha Jlannac.



" A
NMpeo6bpaszyBaHe Ha Jlannac

[Mpeobpa3yBaHeTo Ha Jlannac e MaTteMaTUYeCKU MHCTPYMEHT 3a
pewaBsaHe Ha andepeHumnanHmn ypaBHEeHUs, KOUTO € No3B0Ji1siBa
aHanmM3 Ha cuctemm obpaboTBalin HeENpPeKbCHATU CUrHAMN.

BcbLHOCT, npeobpa3yBaHeTo Ha Jlannac e cb34aAeHo 3a HYXXAUTE
Ha cneuuaneH Kfac oT HenpekKbCHATU BbB BPEMETO CUTHaNu,
UMMNYJICHUTE XapaKTEPUCTUKMN HA KOUTO Ce CbCTOAT OT CaMO OT
CUHYCOUAN N EKCMOHEHTMW.
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" A
NcTopunyecku ceeaeHusa 3a Mmapkus Jla

Pierre Simon De Laplace
(1749-1827)




" A
NpeobpasyBaHe Ha Jlannac

Heka OTHOBO CU MPUMOMHUM KaK TOYHO OTAEHUTE TOUYKU B
yecTtoTHaTa obnact (npeobpasyBaHe Ha dypue) ce CBbLP3BAT C
BpeEMEBUSA CUTHAN:

m Bcsdka Touyka B yectoTHaTa obsiacTt, ¢ onpeaeneHa CTOMHOCT Ha
W, oTroBaps Ha ase cmHycouaun, cos(wt) mn sin(wt).

m PeanHaTa 4acT Ha cMrHasna ce Hammpa 4Ype3 YMHOXaBaHEeTO Ha
BpEMEBUS CUTHAN C KOCUHYC U MHTErpupaHe oT -0 A0 +0o,

m l/IMarmHepHaTa 4acT ce HaMupa Mo CXOAEH HA4YMH KaTo ce
M3non3ea pyHKLMSATA CUHYC.

[Mpn M3NoN3BaHETO Ha KOMIJIEKCHOTO npeobpasyBaHe Ha Oypue,
CTOMHOCTUTE OTroBapsiln Ha oTpmuaTeNIHUTE YEeCTOoTH, -w, LWe
npeacraBsisiBaT KOMMJIEKCHO cnperHaTtuTte (cbllaTta peasiHa 4vacT,
HO OoTpuuaTesHa MMarmHepHa) KaTto CTOMHOCTUTE 3a W.
[Mpeobpa3yBaHeTo Ha Jlannac MoXe Aa ce pa3rnexaa KaTto
pa3lWnpeHne Ha Te3n CbLunMTe KOHUENUNN.
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" A
npeobpa3syBaHe Ha Jlannac

X(s) = j x(t) e™'dt

— o0

npeobpasyBaHeTo Ha Jlansiac npeobpa3yBa HeNMpeKbCHAT BbB
BpPEMETO CUIrHas1 BbB CbOTBETHO NpeacTaBsHe B s-obnactra (s-
domain), KoaTo ce Hapuya owe s-paBHuHa (splane).

npeobpasyBaHeTo Ha Jlansiac e BannaHu 3a 6e3kpanHu BbB
BpPEMETO CUIMHAIN KOUTO Ce NpoCTuUpaT oT — A0 + 6e3KpanHoCT,
KOWUTO MoraT Aa 6baat nepnoamyHn nam HenepmoanyHu.

npeobpa3yBaHeTO Ha Jlanaac ce cunTa 3a €4HO OT Han-BaXHUTe
ypaBHeHusa B obnactta Ha obpaboTkaTa Ha CUrHaam n B
eNleKTpoHMnKaTa.

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024 7



" A
npeobpa3syBaHe Ha Jlannac

Taka KakTo npeobpa3yBaHeTo Ha Dypue npeacraBsa AaneH CUTHAM
KaTo Habop OT cuHycounaun, Taka npeobpasyBaHeTo Ha Jlansac
npeacrtaBs CUrHasa Kato Habop OT CMHYCOUAM N eKCIMOHEHTM.

OT MaTeMaTunyecka rnegHa Touyka npeobpa3yBaHeTo Ha dypue e
yacTeH cny4yan Ha no-obuwoTo npeobpasyBaHe Ha Jlannac.

o

npeobpa3yBaHe X(w) = f v(1) e 79t J¢

Ha ®dypue: (@) ( )
npeobpa3syBaHe X(o,w) = f x(t) e 0TI gt
Ha Laplace: -

KpaTtka cdopma: X(s) = j x(t) e " dt

— o0
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" A
NMpeob6pa3yBaHe Ha Jlannac

o

npeobpasyBaHe _ . -jwt

& Oypue. X(w) f.l(f)e dt
npeo6pasyBaHe X(0,w) = f;r(r) e (OO gt
Ha Laplace:

—

Bbnpekn ye KaTto uUs/10 MaTeMaTUYECKOTO ONMcaHue Ha
npeobpasyBaHeTo Ha Jlansiac e MHoro nogobHo Ha ToBa Ha dypue
npeobpasyBaHeTO, Normyeckata OCHOBa Ha ABaTa MeToAa € MHOro
pa3finyHa:

m Oypue npeobpasyBaHETO Kopenmpa curHasa BbB BpeMeBaTa

obnact c Habop oT 6a3zo0Bu PYyHKLUMM 3a Aa PA3/IOXKN CUTHAMA Ha
4ECTOTHM KOMMOHEHTU N Aa pa3Kpue CnekTbpa Ha CUrHana.

| I'Ipeo6pa3yBaHeTo Ha Laplace coHAMpa CUIMr’HaJla BbB BpEMEBATA
obnacT 3a Aa OTKpUe OCHOBHUTE MY XAdPaKTEPUCTUKN.
Hyecrtorara Ha CMHyconamnTe, U KOHCTaHTATa HA CrnagadHeE Ha
EKCIMOHHTUTE.
npod. T. FaHu4eB, LUOC, JleteH cemecTbp 2024



" A
NMpeob6bpa3yBaHe Ha Jlannac

s-domain
s-06nacTTa e KOMMJIeKCHa 60j -
paBHMHA MNPU KOSATO UMaMe | C B A
peasiHn yncna no 40§ m [ -

XOPU30HTaHaTa oC U
MMarmMHepHM 4mcna no
BepTUKassiHaTa oc.
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" A
npeobpa3syBaHe Ha Jlannac

Ta3n KoopanHaTHa CUCTEMaA NO3BOJ1IABa NO3MLUMATA Ha BCAKA
TOYKa B KOMIMJIEKCHATa paBHWHA Aa ce geduHnpa eaHO3HAYHO OT
CTOMHOCTUTE HA O N W. B TO3n CMUCB, N3MNOMA3BANKN O3HAUYEHUSA C
KOMMNJIEKCHU Yyncna, BCAKa No3nums Moxe aa ce npeacrasu C
KOMMJIeKCHAaTa NPOMEHSIMBA, S, KbAETO: S = 0 + JWw.

B ponb/IHEHME Ha MOo3nuUnAaTa I,El,eCIDI/IHl/I|:)i:':]Ha OT KOMIMMEKCHOTO
YNCJ10, BCHAKaA TOYKaA B s-obnacrtrta nma CTOﬁHOCT, KOATO €
KOMIMJTIEKCHO HNCIIO.

[Mpeobpa3yBaHeTo Ha Jlansac no3BosisiBa BpeMeTo aAa b6bae
npeacTaBeHO C KOMMJIEKCHU Yncna, HO TOBa Ce M3N0A3Ba PSaKo B
obpaboTkaT Ha curHanun. Hue pasrnexaame npeauMHo ciiyvyauTe,
KOraTo CUrHanbT € NpeaAcTaBeH C peasiHn Yyucsiia BbB BpeEMETO,
KOETO yAO0B/AEeTBOpsBa NOYTU BCUUYKM NPAKTUYECKU MPUMTOXEHUS.

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 11



" A
npeobpa3syBaHe Ha Jlannac

o

npeobpa3yBaHe Y(w) = v(1) e 7Ot dt

Ha Qypue: (@) f ( )
npeobpasyBaHe X(o,w) = f x (1) e O gt
Ha Laplace: -

KpaTtka cdopma: X(s) = f x(t) e *"dt

— o0

[Mpn 0 = 0, CTOMHOCTUTE Ha PYHKLMUATA HAMUpPALLN Ce Ha
BepTMKasHaTa oC OT S-paBHMHATa CbBNaaaT C CTOMHOCTUTE Ha
dypue npeobpalyBaHeETO Ha BpeEMeBUSA CUTHAIN.
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" A
npeobpa3syBaHe Ha Jlannac

PaswmnpeHnsa 3anmc Ha npeobpasyBaHeTo Ha Jlannac

X(0.w) = fx(r) e (OI@) gt

— T}

MOXe Aa 6bae 3annMcaHo CblWo N KaTo

X(o,.w) = f[x(r)e"“f]e"f“’dr

e

KbAETO KOMMJIEKCHATa EKCMOHEHTa MOXe Aa ce pa3aenn Ha ABe
EeKCrMOoHEeHTU. 10 TakbB Ha4MH, 3@ Aa Ce U3UYUCIAT CTOMHOCTUTE
No BepTMKasnHaTa NIMHNA B S-paBHMHATa (CTOMHOCTUTE 3a
ornpeaeneHa CTOMHOCT Ha 0), CUrHana BbB BpeMmeBaTa obnacrt

NbpPBO Ce YMHOXaBa C eKCroHeHuuanHaTa kpmea: g °f

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 13



STEP 1
Start with the time domain signal —
called x(f)

Amplitude

STEP2 o B S
Multiply the time domain signal by Time

an infinite number of exponential
curves. each with a different decay
constant, o. That is, calculate the
signal: x(f) e for each value of o
from negative to positive infinity.

r.T. r.T. Ir.T. r.T. I.T. r.T. r.T.

STEP 3
Take the complex Fourier Transform

of each expomnentially weighted time
domain signal. That is. calculate:

f [x(7) e O e T¥ gy
for each value of ¢ from negative to A IUNNNNNN S ———
positive infinity. 4
X
— Positive
STEP 4 2 2 Frequencies
Arrange each spectrum along a — s
vertical line in the s-plane. The % 1
positive frequencies are in the = 0
upper half of the s-plane while the g 1
negative frequencies are in the "&b
lower half. £ 21 Negarive
3 | Frequencies
. e
-4
L -
B B I E— T T T >
-4 -3 -2 -1 0O 1 2 3 4 14
Real axis (o) spectrum

for o= 3



" A
NMpeob6pa3yBaHe Ha Jlannac

J1aBaTa NosI0OBMHA Ha
) S-paBHMHATa YMHOX>aBa
CUrHasuTe OoT BpeMeBaTa
Positive
Frequencies 00NaCT C @KCMOHEHTH
KOWTO HapacTBaT Mo
) aMnNNnTyaa BbB BPEMETO
(0<0), a Te3n B AsiCHaTa
| MOJIOBMHA C EKCMNOHEHTHU
\ Negative
Frequencies KOUTO HaMan4daBaT o
aMmrnJnTyna c BpeMeTo
/ (0>0).

Imaginary axis ( jw)

|
4 3 2 10 1 2 3 4
Real axis (0) spectrum KoraTo BpeMeBUdA CUrHan ce

foro=3  cbcTOM M3UANO OT peanHu
CTOMHOCTW, ropHaTa
Exponentials  Exponentials MoJiIoBMNHA OT S-paBHMHATA €
ornepanHunsa obpas Ha
A0J1HAaTa NMNoJ1IOBUHaA.

S, A "
e T

Increasing Decreasing
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" A
NMpeob6pa3yBaHe Ha Jlannac

dedbunHnunata Ha npeobpal3yBaHeTo Ha Jlannac

X(s) = j x(t) e S'dt

Onucea Kak aa ce U34ncnum Bcsika To4ka B S-pPaBHWUHATA

(naeHTnpuumpaHa ot CTOMHOCTUTE Ha O 1 W) OCHOBaBaAMKKM Ce Ha
CTOMHOCTUTE Ha 0, W, U BpeMeBus curHan, x(t).

N3non3eBaHeTo Ha npeobpasyBaHeTo Ha Pypue 3a
eJHOBPEMEHHOTO U34YnCnsaBaHe Ha BCUYKM TOYKU (CTOMHOCTU) OT
BepTUKa HaTa OoC Ha CaMo 3a yao6CTBO, a He € U3NCKBaHe.

Ob6aue, BaXHO e aa ce NOMHM Yye CTOMHOCTUTE B S-paBHMHATA Mo
npoTtexeHune Ha octa y (0=0) ca naeHTUYHU Ha CTONHOCTUTE
nonyyeHu ot ®ypue npeobpalsyBaHeTo. ToBa € OCHOBEH aKTop
3a Aa HaMmepu npeobpasyBaHeTo Ha Jlannac WUpoKo NMpuioxeHme
B NpaKTuKaTa.

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 16



"

CbabprKaHue

m Npeobpa3yBaHe Ha Jlansac

m Z-npeobpa3syBaHe

m CBouncrtea Ha Z- npeobpas3yBaHeETO 3a peanuu
m Z-npenasaTtesiHa dyHKuusa Ha AJINB cuctemun

m 3aBucmMMocT M/y ctabunHocta Ha AJINB cuctema um
no3numnTe Ha NOJIIOCUTE U HYNINTE Ha Z-
npeaaBaTesiHaTa XapaKTepUCTUKA

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 17



" J
NcTopuueckum ceegeHusa A. Moybp

Abraham de Moivre (1667-1754)
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" A
Z-npeobpa3yBaHe

Z-npeobpasyBaHeTo npeobpasyBa ANCKPETEH BbB BPEMETO
CUrHan, Konto Moxe aa 6bae peavua oT peasiHn U KOMMNEKCHU
ymcna, B KOMMNJIEKCEH CNeKTbp B YyecToTHaTa obnacrT.

3a pa3numka oT npeobpasyBaHeTo Ha Pypue, yensner
npeobpa3syBaHeTo U Npeobpa3yBaHeTo Ha Jlannac, Z-
npeobpa3syBaHeTo camMo rno cebe cn He e MHCTPYMEHT 3a aHan3
Ha CUTHaNuTeE.

Z-npeobpasyBaHETO He Npeasiara HAKakBM HOBWU MPO3PEHUS
OTHOCHO CbLLHOCTTa Ha CUrHaAnUTe, HO ocurypsiea yaoben

MHCTPYMEHTAPUYM 3a NMPOEKTUPAHETO U NMOBEAEHMNETO Ha LU POBU
CUCTEMM.

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 19



" A
Z-npeobpa3yBaHe

Bbnpeku ToBa, Z-Nnpeobpal3yBaHETO € OCHOBHUAT MHCTPYMEHT Ha
undpoBaTa 06paboTKa Ha CUrHaAAM MOHEXe:

[Mo3BoONSABa pellaBaHe Ha pa3/IMKOBM YpaBHEHUS C MOCTOSIHHU
KoednuneHTn Kato anrebpmyHmn ypaBHeHus (ToBa € BCbLHOCT
MOTUBALIMATA 3a Cb3aaBaHe Ha Z-npeobpa3yBaHETO).

NMMma 6nmn3ka acoumaumns c npeobpalsyBaHeTo Ha Pypue 3a
AUCKPETHU BbB BpeMeTo curHanun, DTFT, koeTo npenocrtaed
Bb3MOXXHOCTTA 3a AePUHUPAHETO Ha ACHU KpUTepuun 3a
CTabUSIHOCT NpU NPOEKTUPAHETO U N3MNON3BAHETO HA LNMDPOBU
dunnTpu.
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" A
Z-npeobpa3yBaHe
Z-npeobpa3yBaHeTo e 0cobeHHO MoJie3HO 3a aHanm3 Ha AJIVB
cuctemmnte B z-06nacTTa, U B YACTHOCT 3a npeobpa3yBaHETO Ha

KoedhuuneHTnTe Ha puntpute B Z-npegasartesnHarta QyHKUMS m
obpaTHoO.

[[TaBHOTO NpUJIOXeHNE Ha Z-npeobpa3yBaHETO € U3MNOJSI3BAHETO
MY KaTO OCHOBEH MHCTPYMEHT Mpu aHaln3 U NpoeKTUpaHe Ha
OUCKPEHU CUCTEMMU

Z-npeobpasyBaHeTo e 611M3K0 CBbpP3aHO C npeobpa3lyBaHETO Ha
Jlannac MoXe Aa ce pasrnexia Kato Heros aHanor 3a ANCKPETHMU
CUrHanu. 3a Aa NnoAKpenuMm ToBa TBbPAEHME U Aa MOKAXEM 4e
nsete npeobpasyBaHMs ca NnapanenHn TEXHUKN e NOKaXKeM Kak
MOXEM Aa npeMuHeM oT npeobpalyBaHeTo Ha Jlannac KbM Z-
npeobpa3yBaHeTO.

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 21



" J
Z-npeobpasyBaHe

OT npeobpasyBaHeTo Ha Jlansac Moxe Aa ce npeMmnHe KbM Z-
npeobpa3syBaHUETO B TPU CTbMKWU.

XG) = [x(@e™dt & Xow) = [x(t)e e di

= —-w= f= -
I'IpraTa CTblKa € Haﬁ'OHEBM,ﬂ,HaTa: npeMmMHaBaMe OT
HEMPEKBbCHAT KbM ANCKPETEH CUTHAJI. ToBa ce N3BbpLUBA
nocpeacTBOM 3aMsaHaTa Ha NpoMeHMBaTa Ha BpPeMeTo, &, C

nopeaHnd HoMep Ha OT4ETa, N, U NPpoMdHAa HA UHTErpasia B CyMa.
00

X(o,w)= D x(n)e e 1"
N=—00
Heka na otbenexunm ye X(0,w) e HenpekbCHaTa MYHKLUUS A He
ANCKpeTHa. Bbnpekun 4ye cera Beye obpaborBamMe ANCKPETEH BbB
BpeMeTo curHan, X(nN) , napameTepuTe G U W BCE OLLE MOraT Aa
npuemat uenma obxeaT OT HeENPEKbCHATU CTONHOCTMU.

22
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Z-npeobpa3yBaHe
a. Decreasing 3@ i i i
BTopaTa cTbnka e ] "a | | |
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" A
Z-npeobpa3yBaHe

—N
Bropws uspas Y(N) =TI usnonsea napametspa, r, 3a aa ce
KOHTPOJINPAa M3MEHEHUETO Ha aMr/INTy4aTa Ha CUrHana.

AMNanTyaaTta Hamansaea KoraTto r > 1, waM ce yBenmyaBsa KoraTto
r < 1. CUrHansT Wwe nMa Hen3MeHHa amnautyga npu r = 1.

y(n)=e" wn yn)=r"

Te3n ypaBHeHUS ca ABa pa3/IMYHM HAYMHA 3a n3passiBaHe Ha equnH
N Cbly edpeKT M MoraT [ia ce 3aMeHSAT U3NoJ13Bankn Bpb3KaTa:

= |:eln(r) :|—n _ e—nln(r) _ gon

KbA4eTo
o =In(r)
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" A
Z-npeobpa3yBaHe

Taka BTOpaTa CTbMKa OoT npeobpa3lyBaHeTo Ha Jlansiac B Z-
npeobpa3syBaHeTO 3aBbpLUBA C U3MON3BAHETO Ha gpyrara ¢oopmMa Ha
EKCINOHEeHUMNATHUAT YJ1EH:

X (r,w) = f x(n) r g~ len

N=—00

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 25



" A
Z-npeobpa3yBaHe

3a obnekyaBaHe Ha 0603HaYeHUaTa BbBEeXagaMe HOBa
NPOMEHNNBA Z = r €/®, KOSATO CbOTBETCBA Ha 0603HAaYEeHUETO B
NONSIPHU KOOPAMHATM Ha KOMMJIEKCHATa NPOMEHNNBA S = 0 + jW

(PYHKUMA Ha peanHUTe NMPOMEHSIMBU O N W) B Npeobpa3yBaHeETo
Ha Jlannac.

Taka 4ye, TpeTaTa CTbMKa OT NpeMMHABAHETO KbM Z-
npeobpa3yBaHETO € Aa ce 3aMeHn r €9 cbC z. ToBa AoBexXAaa
N0 CTaHAapTHaTa ABYCTpaHHa ¢dopMa Ha Z-npeobpa3yBaHeETo:

~+00

X(z)= > x(n)z™"

N=—0o0

npod. T. FaHueB, LLOC, NeTteH cemecTbp 2024 26



Z-npeobpa3yBaHe
s-plane z-plane
AIm Im
A
1~ (J =
L0
x
Ti Q
x
o0
v 3] Re
x {)\DC
X (0=0.w=0)
L0
X
A
Y
Y o =1In(r)

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 27



" A
Z-npeobpa3yBaHe

BepTukanHaTta oc B s-paBHuMHaTa (T.e. npn 0=0) oTroBaps
Ha egqUHNYHaTa OKPBbXXHOCT B Z-paBHMHATA.

BepTuKanHUTe NMHUK B NiBaTa NO/IOBMHA Ha S-paBHUHATaA
OTFOBAPSAT HA OKPBbXHOCTU BbTPE B E€ANHNYHATA OKPB)XHOCT
B Z-paBHMHaTa.

BepTukanHuUTe NMHUK B AsiCHaTa NOJIOBMHA Ha S-paBHMHATA
OTroBapsi Ha OKPbXHOCTU U3BbH EANHMYHATE OKPB)KHOCT OT
Z-paBHMHaATA.

AHanoroBea cucrtema e HGYCTOVI‘—IVIBB KOrato noJincnte " Ca
Pa3no/IoXKEeHN B AdCHATa NOJIOBMHA Ha S-paBHUHAaTA. [0
CblliaTa JIOrnMKa, ANCKPETHA CNCTEMa € HGYCTOVI‘JMBa KOraTto
MOJTIOCUTE HA CUCTEMATA Ca pPa3rnosioxkeHN N3BbH
eANHNYHATa OKPBbXHOCT B Z-paBHWUHATA.
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" A
Z-npeobpa3yBaHe

KoraTto curHanbsT BbB BpeMeBaTa 06/1acT e n3usno peaneH
(koeTo e obLWmnAT cnyyamn), ropHaTta n gosiHata nosI0OBUHU Ha
Z-paBHWHATAa ca ornenanHo pasnosioXeHn n3obpaxeHus,
CbLUO KAaKTO U B S-paBHUHATA.

HenpekbCcHaTa CMHYyCcOMAa MOXe [a NpueMe BCsSIKa YecToTa
Mexay noctossHeH curHan (0 Hz) n 6e3kpanHocCT. ToBa
O3Ha4aBa, 4Ye s-paBHMHaTa TpsaAbBa Aa No3BoO/ABa W Aa Ce
N3MEHS OT -0 [0 +00,
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" A
Z-npeobpa3yBaHe
3a CpaBHeHMe, ANCKPETHA CUMHYycoMnaa MoXXe Aa npuemMa CTOMHOC
Ha 4YectoTaTa mMexay 0 Hz n nonoBnHaTa OT YyecTtoTaTa Ha
anckpeTtmnsauyms. Taka de, yectotaTta Tpsbea aa e mexay 0 n 0.5

KOraTo ce n3passBa KaTo Apob Ha yecToTaTa Ha AMCKpeTU3aums
w/W.. A KOraTo ce U3nosi3Ba HopManM3npaHaTa YecToTa

Q=2nf/f,

e mexay 0 1 T, KOeTO OTroBaps Ha reoMeTpuUsTa Ha z-paBHUHATA U
MHTepnpeTMpamMe Q KaTo brb/l U3pa3eH B paanaHMu.

[1T0 TO3U HAYUH NOJIOXKUTENHUTE YECTOTU OTrOBaPAT Ha bIn Mexay
O n ™ paanaHa, A4OKaTO oTpuUaTeNIHUTE YEeCTOTMU OTroBapAaT Ha
MHTepBana mexay 0 n - T pagmaHa.
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Z-npeobpa3yBaHe
t Im(s)=5jo Im(z) 4
z-plain
0=0./4
s-plain
®»=0, Q=0
> >

Re(s)= Rel(7)

0=0,, Q=21
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" A
NpeobpasyBaHe Ha dypue 3a AUCKpeT
curHanvm (DTFT) m Z-npeobpa3yBaHe

L yr i jQ : = —~ jOn
x(n):2— j_ﬂX(JQ) edQ  X(j)= Y x(n)e
T N=—o0
[MbpBOTO YpaBHEHME NOKaBa Ye MOXEM [a NpeAcTaBUM BCEKU

curHan, X(n), nocpeacTtBOM NIMHENHA KOMBUHALMSA OT KOMMIEKCHU
E€KCMOHEHTMU:

- o

el = cos(Qn) + jsin(Qn)

BTOpoTO ypaBHEHME NOoKa3Ba KakK Aa U3UUCIIMM KOMMIEKCHUTE
TernoBHM akTopun, KOUTO HUE HapUyaMe CNeKTbp:

X (1)

[lpeMnHaBankuy oT DTF'Ir'] KbM Z-npeobpa3yBaHeTO MOXeEM Aa
sameHum e/ ¢ z".
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" A
NpeobpasyBaHe Ha dypue 3a AUCKpeT
curHanvm (DTFT) m Z-npeobpa3yBaHe

jQn
2" moxe na ce pa3srnexnaa kato o66o06uieHne Ha e

3a NPOM3BOJIHO Z, N3NON3BaKM NOASPHU KOOPANHATU MMaMe
i0 .
7 =1 el** Taka ue n n_ion
72" =r"e!

n
Akoun r n §2 ca peanHu yucna, ToraBa Z MOXe [a ce
pa3srnexaa KaTto KOMMMEKCHa eKCNoHEHTa (T.e. CUHYCU U

KOCMHYCU) C peasniHa 06BMBKA Ha aMNnUTyAaTa Ha BpeMeBUS
CUrHan, HaMansBalla WK yBenM4daBalla ce.

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024

33



" A
npeobpa3syBaHe Ha ®dypue 3a AUCKpeT
curHanvm (DTFT) m Z-npeobpa3yBaHe

B n3pasa 3a DTFT

+00

X(jQ) = > x(n)e "

N=—o0

jQn n
aKo 3aMeHuM (0606LMM) KoOMMNIeKCHaTa eKCNOHEHTa el e 1z ,

TOoraBa Luie nosy4mm obobuieHneto Ha X (JQ) KaTo

~+00

X(z)= > x(n)z™"

N=—c0

ToBa MOXe [a ce Bb3MNpueMe KaTo cunmtame, ye BpeMeBaTa
pyHKUMS e u3rpageHa ot cymaTa oT cbyHKLwlMTe z" BMecTO
cyMaTa OT KOMIMJ/IEKCHUTE EKCMOHEHTW gl
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" J
O6nacT Ha cXoAMMOCT Ha
Z-npobpa3syBaHuneTo

Tbn KaTo X(z) e be3kpanHa peauua OT CTeneHunTe Ha Z, Z-
npeobpa3yBaHETO CbLIECTBYBaA CaMO akKo peauuaTta € cxoAslia ce.

HabopbT OT CTOMHOCTU Ha Z 3@ KOUTO PYHKUMATa e cxoadula, T.e.
3a KOUTO noJlydaBa KpamHa CTOMHOCT, Ce Hapu4ya pernmoH Ha
cxoamnmoct (Region of Convergency, ROC).

CxoamMocTTa Ha Z-npeobpasyBaHeTo X(z) 3aBUCKM OT cyMaTa

o

z lz(n) r ™| < oo.

n=—0oo

O6nacTTa Ha CXOAMMOCT 3a cyMaTa OT NMPOU3BeAEHUS 3a
OTpULATENHN CTOMHOCTU Ha N, aKo CbLIECTBYBA, CE HAMUpPA U3LASO0
B OKPBXHOCT C paanyc r;<co, 3a HEOTPMLATENHUTE CTOMHOCTU Ha
N, ako CbLLECTBYBA, € N3BbH OKPBLXXHOCT C paanyc r,.
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O6,nacT Ha CXOAMMOCT Ha

Z-npeobpa3syBaHeTo
roc IM2) 1 Im(z) % rOC Im(z) Az-plane
ROC z-plane
'8

X

Re(2) \ / Re(2) yR;(z)

HabopbT OT CTOMHOCTU Ha Z 3@ KOUTO PyHKUMATA e cxoaduia, T.e. 3a
KOWUTO NoJsilydaBa KpanHa CTOMHOCT, ce Hapuya obnacTt Ha cXoauMocCT
(Region of Convergency, ROC).

Y \x(n)z—n — f |x(n)|.\z—n — f x(n)|. r "

N=—o0 N=—o0 N=—o0

NI

ObnacTTa Ha CX0AMMOCT 3a cyMaTa OT NPOou3BeaAeHNs 3a OTPULATETHY
CTOMHOCTM Ha N, ako CbLECTBYBA, CE HAMUpPA U3LSSIO B OKPBXKHOCT C
paanyc r<co,
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" A
O6s1aCcT Ha CXOAMMOCT Ha
Z-npeobpa3syBaHeTo

EaHa AJINB cuctema e yctonymBa, ako MoJIloCUTE Ha Z-
npeaasaTenHaTa PYyHKUMS ca pa3nosioXXeHU BbTPE B KPbrr C
LEeHTbP B HA4Ya/n0TO HAa KoopAMHATHATa CUCTEMA HA Z-paBHUHATa U

C paaunyc r=1.
[TONIOXXEHMETO HA HYIUTE He BJinsie ANPEKTHO BbPXY
YyCTOMYMBOCTTA Ha cucremara.

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 37



" A
O6paTtHO Z-npeobpa3yBaHe

O6paTHOTO z-Npeobpa3yBaHe NO3BOJISIBA Bb3CTAaHOBSBAHETO Ha
peanuaTta x(n) oT HemHoTo z-obpa3 X(z) ako Ton e n3BecCTeH

x(n) = % § X(2)2"dz
C

KbaeTo C e 3aTBOpPEH KOHTYP B rpaHuumMTe Ha obnacTtra Ha
CXOAMMOCT Ha X(z), KOATO BKJ/IHOUYBA HA4Yasi0TO Ha
KoopAWHaTHaTa cucrema.

To3un nHTErpan ce naumcnasa no KoHtypa C B nocoka obpaTHa
Ha ABUMXXEHMETO Ha YaCOBHMKOBATA CTpesKa.
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" A
O6paTtHO Z-npeobpa3yBaHe

B npakTukaTa Hal-4ecTo ce U3non3BaT z-06pa3un KoUTo ca
npeACcTaBeHM KaTo pauMoHanHN MYyHKLMUM.

(TunnyeH npuMep e z-npegasaTtenHaTa PyHKUMUA 3a Kay3asiHa
AJINB cuctema).

B Te3n cnyyam obpaTtHOTO Z-npeobpa3yBaHe MOXe Aa Ce U34YnCium
no eauH OT cneaHnTe METOAMN:

MeToa C pa3naraHe c pea Ha Tennbp,
MeToa C pa3naraHe Ha eneMeHTapHu apobwu,
MeToA C M3non3BaHe Ha pe3nanyMmuTe.
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"

CbabpKaHue

m [IpeobpasyBaHe Ha Jlannac

m Z-npeobpasyBaHe

m CBoMCTBa Ha Z-npeobpal3yBaHeTo 3a peanumu
m Z-npenasaTtesiHa dyHKuusa Ha AJINB cuctemun

m 3aBucmMMocT M/y ctabunHocta Ha AJINB cuctema um
no3numnTe Ha NOJIIOCUTE U HYNINTE Ha Z-
npeaaBaTesiHaTa XapaKTepUCTUKA

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024 40



" A
CBoucrea Ha Z-npeobpasyBaHeTo

9

JINHEeNHOoCT:

Z 1> aex (N f=> aZ{x (N} = a Xy (2)

N3MecTBaHe BbB BpeMeTo:

Z{x(n—k)}=X(z)z"

OvndepeHunpaHe:
dX (z)
dz

Z{nx(n)} = -z
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" A
CBoucrea Ha Z-npeobpasyBaHeTo

O6pbliaHe Ha BpeMeTo:
1
z(—n) «— X (E) :

MawabupaHe/Moaynaumsa:

KoHBoOnwouumn:

ako y(n)=h(n)*x(n), 10 Y(2)=H(z) X(2)

npu ycnoeue 4ve Y(z), X(z) n H(z) nmat obwm 4actm ot obnacrtra
Ha CXOAMMOCT B Z-paBHWHATA.
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" A
CBoucrea Ha Z-npeobpasyBaHeTo

m [lbpBa pa3nuka:
Z{x(n)-x(n-Y} =1-z7")X(2)

= YMHO>XeHue BbB BpeMmeBaTa obnacr:

(MM o - X%

(R

m PaBeHCTBO Ha lNapcuBan:

+00 1

3 X ()X (n) ﬂiﬂ 5{? X1 (0) X3(—)v " do

N=—o0 v*
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Z-npeobpa3yBaHe 3a HAKOU CUTHaNU

Signal, :r.[n]

1 d[n]

2 |6[n — ng

3 uln|

4

€

—am

uln|

Z-transform, X ( < )

1
>0
1
] — 21
1
] —e 2z

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024

ROC

all z
z# 0

|z] > 1

2] > |77

44



"

CbabpKaHue

m Npeobpa3yBaHe Ha Jlansac

m Z-npeobpasyBaHe

m O6nacT Ha cxoAMMOCT Ha Z-npeobpasyBaHUETO
m ObpaTHO Z-npeobpa3yBaHe

m CBoncTea Ha Z- npeobpasyBaHeETO 3a peanum

m Z-npenasaTtesiHa dyHKuusa Ha AJINB cuctemun

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024 45



" A
Z-npepaBaTtesiHa PYHKLMA Ha
OJINB cnctemm

Heka npunoxuM Z-npeobpasyBaHETO KbM pa3/IMKOBOTO YpaBHeEHue
3a AJIMB cuctema c bBUX

> ay(n—k) = >.b, x(n k)
k=0 k=0

TOrMNaBa

S S ayn-kz" = S b x(n—K).z"

N=—o0 k=0 N=—o0 k=0
Npu KOETo cnen M3rnon3BaHeTo Ha CBOUCTBOTO JIMHEWHOCT
Z2 ()= 2 aZ X ()} = 2 a Xy (2)
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" A
Z-npepaBaTtesiHa PYHKLMA Ha
OJINB cnctemm

noslyyaBaMe

Zaka(n k).z" = Zb Zx(n k).z™"

N=—o0 N=—o0

nccneg toBa Ha CBOWCTBOTO U3MECTBAHE BbB BPEMETO
Z{x(n—k)}= X(z)z™"

Npu KOETOo cfies U3noa3BaHeTo Ha CBOUCTBOTO JIMHENHOCT U
M3MeCTBaHe ce nosiyyasa

N M
Y(2)Y a2 =X(2)Y bz
k=0 k=0
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" A
Z-npepaBaTtesiHa PYHKLMA Ha
OJINB cnctemm

Z-npeaaBartesiHata pyHkums H(z) Ha undpoBa cucrtema ce
npeacTtaBs KaTo OTHOLWEHWe Ha z-o6bpa3uTte Ha U3XOAHUS U
BXOAHWUS CUIrHAaN Ha cucTteMarTa: M
-k
2.y

Y(z) «=o
H - —
(2) X (2) % -
k=0

BaxeH e (aKkTbT, 4e KoedpuumeHtTute a, U b, B U3pasa 3a z-
npenasatenHata @YHKUUS ca MAEHTUYHU C KoedhUUMEeHTUTE Ha
Pa3/INKOBOTO ypaBHeHMe, a KakTo 6e nokasaHo Mo-paHo, Te ca
NWOEHTUYHN U C KOoedDULIMEHTUTE Ha YeCTOTHaTa XapaKTepuctuka
Ha cucTeMmara.
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Z-npeob6pasyBaHe 3a Kay3aJiHa peauy

q)aKTOpVI3aLI,VIF| Ha NOJIMHOMUTE B UNCIIUTENA N 3HAMEHATENA (T.e.
pa3/1alfraHETO UM KaToO NnpomnsBeageHnsda OoT npoctu lecna) Mo3B0OJ14BaA

na 3anuweM H(z) BbB popMaTa

H(l_ Zokz_l)
H(z) = KX&

[Ta-z,z7)
k=1

KbAETO Zg, U Z,, Ca CbOTBETHO M KpalHW Hysin W N KpaWHW nosirocu
Ha CbOTBETHUTE NosiMHoMu B H(Zz).

Opyro Bb3MOXHO NpeacTaBAHe Ha paLMoOHaNHOTO z-npeobpa3syBaHe
3a Kay3aJiHa peauvua e pa3naraHeTo [0 06N MHOXUTENN:

H(z) = C+z

1pk
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" A
Z-npeob6pasyBaHe 3a Kay3aJiHa peauy

YecTo z-npeagasaTenHaTta GyHKUMA Ha cMCTeMaTa ce NpeacTaBs
BbB BMAa CneABall OT pa3/IMKOBOTO YpaBHEHMUE:

i K
RO
(2) =y 2=
(2) 44 >az
k=1

B 3aBMCMMOCT OT peda Ha NOJIMHOMUTE B YUNCINTENS U 3HAMeHaTe s
Ha Z-npenaBaTeniHaTta yHKund, H(z), ce pasznuyasaT cregHuTte
BugoBe cuctemm (MrHopnpame ocobeHnTe TOUKN Ha YNCInTens u
3HaMeHaTens):

npod. T. FaH4yeB, LOC, JleteH cemecTbp 2024 50



" A
Z-npeob6pasyBaHe 3a Kay3aJiHa peauy

m Yucnutenat e koHcTtaHTa (M = 0), cucremaTta mma caMo MoJIHOCH.
ToBa e BUX cuctema n ce Hapuda (Bce)nositocHa (all-pole) nnu
owe aBroperpecuBHa (AR).

m 3HaMeHaTenart e koHcTtaHTa (N = 0), cucremarta Ma camo HYW.
ToBa e KX cuctema u ce Hapuda (Bce)Hy/1eBa vnnun ole
CUCTeMa C Mb/13510 ocpegHsiBaHe (MA).

m CucrtemaTta umMa M HyniM n nonocu. Toea e bUX cuctema u ce
Hapuya aBToperpecuBHa C nNu/i3sulo ocpegHsBaHe (ARMA).

npod. T. MaH4eB, LLOC, JleteH cemecTbp 2024 51



" A
NMpuMmep 3a nauncissBaHe Ha £Z-
npeobpa3yBaHe

[a ce n3uncnu Z-npeobpasysaHeto 3a  X(n) =« u(n)

1 | |

0.8 -
En.a- -
> 0.4+ 7
0.z} T 0 .
L T S B B S e AR
n
X(2)= 2 x(Mz"=3 a"z7"=3 (az7)" =
N=—00 n=0 n=0 .-«

X (z) = Za”z‘” cymaTa e cxoauma camo npu |z >|¢f
n=0
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"
NMpuMmep 3a nauncsissBaHe Ha Z-
npeobpa3syBaHe

Heka cera na pasrnesame apyra dpyHkums x(n) =—a"u(-n-1)

Dp"-""”"”'I'd:.J) 7 T F F F

—-0.4 |
=

Se -0E | -
0.Ek —

-1 ] ] | ] ] ] ] ] ]

-10 -g -6 -4 -2 1] 2 4 B a 10
N
o0 -1 -1 1
X(@2)=> x(n)z"=> -a"t" =) (az)" =1- —
N=—o0 N=—0o0 N=—00 1_ Za

1
X(2) = Zanz_n cymaTa e cxoauma camo npu lal >

N=—o0
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" A
NMpuMmep 3a nauncissBaHe Ha £Z-

npeobpa3yBaHe
lNpumep 1: s} - -
X (Z) — =
DE & & & 4 T T ? U R Y -
-1 -5 -5 4 2 0 2 4 B 8 it
cymaTa e cxoauma camo npu |z > | n
sz: A A T Y 4) l l 7 P P i i :'J
lMpumep 2: _—n _
X (Z) WG

cyMaTa e cxoamma camo npu |a >z
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" A
NMpuMmep 3a nauncissBaHe Ha £Z-
npeobpa3yBaHe

CamMo Z-06pa3bT Ha CcMrHasna He e A0CTaTb4eH 33 €HO3HAUYHOTO
npeacraBdaHe Ha CMUIrHaJia B Z-O6J'IaCTTa, TadKa 4ye e H€O6XO,£I,MMO
BUHAl'N Oad CE YTOYHABA ob1acTTa Ha CXO0ANMOCT.

Imfz] Imﬁ]

Refz]

» Refz]

zl< al
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" J
Bb3MO>XHM BbMNPOCU 3a U3NuUTa

KakBo e 06l0TO B onncaHMeTo Ha eaHa undposa cucrtema
4ype3 pa3/IMKOBOTO YPaBHEHME, YECTOTHAaTa XapaKTepucTuka u
Z-npenaesartesnHata @yHKUNA?

KakBo npeacraB/isiBa aBToperpecnMBHaTa cucrema?
Kak ce Hapuya cuctemaTta, KOSTO MMa CaMO HyJin?
HawnTe onpeneneHne 3a ARMA cucrtema?

LindbpoBa cncrtema ce onncea OT pPa3/IMKOBO yYpaBHeEHMe C
koepuuneHtu: b, =1, b, = 0,5, a; = 1, a, = 0,5. Kakbs T"n
cuctema e ToBa?

KakBa e Bpb3KaTa Mexay z-npeaaBateniHaTta GYHKUMS U
4eCTOTHAaTa XapaKTepucTuka Ha undpoBa cmcrema.
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